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CHAPTER 1

THE STANDARD COSMOLOGICAL MODEL

The purpose of Physical Cosmology is to study the universe from
a global point of view and to describe the physical processes which
have occurred throughout its evolution and which have observable

consequences nowadays.

Astronomical observations are not exhaustive and they provide us
with information about the universe which is limited, both spatially
and temporarily. The models describing the universe and its evolution
are then necessarily based upon an extrapolation of physical theories
whose validity has only been locally tested out. This extrapolation,
known as the Relativity Principle, states that physical laws are

everywhere the same and at all times.

Given the spatial scales in play, gravitation is one basic tool

to build up a cosmological model. The gravitation theory to be used is
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the first choice to be made. Solar System and binary pulsar data
largely suggest that Einstein’s General Relativity describes
adequately well the gravitational interaction at present times(l).
However, there exists a set of alternative gravitation theories which
tend to General Relativity 1in some limits, and it has not yet been
proven that they should be excluded in describing the early

(1)

universe

The standard cosmological model is based wupon a set of
hypotheses which make it the simplest global description of the
universe. The first of them is to assume that General Relativity,
whose field content is minimum among the metric theories, 1is the
correct gravitation theory. The second assumption is that
hypersurfaces of constant time are homogeneous and isotropic
(Cosmological Principle). This is the maximum symmetry compatible with

evolution.

The other ingredient of a cosmological model is the particle
content of the universe. In the standard cosmological model it is
assumed that these particles and their interactions correspond to the
standard particle physics model, which has been tested in terrestrial
accelerators up to energies of the order of 100 GeV. Statistical
Physics is supposed to describe the behavior of collections of big

numbers of these particles.
With these simple and, to some extent, natural hypotheses, the
evolution of the universe can be modelled, except for some parameters

which have to be determined observationally.

In this first Chapter we will introduce the standard
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cosmological model, which will be the framework to study,

forthcoming Chapters, the light element synthesis and the large scale

structure formation. The other cosmologically important observations,

namely the red-shift of spectral 1lines of distant objects and the

cosmic microwave background, are well interpreted in the framework

the standard model, but also of any other model which predicts

expansion or a hotter phase in the evolution of the wuniverse,

respectively.

The following notation will be used along this book: greek

indices run from 0 to 3; latin indices take the values 1, 2 and 3;

stands for time derivative and A y = aA/ax”.
’

1.1 THE COSMOLOGICAL PRINCIPLE

The Cosmological Principle states that the three-spaces of

constant time are maximally symmetric, that 1is, homogeneous

isotropic, at all times.

The Cosmological Principle is founded on the Copernican

Principle, which states that we are not privileged observers and,

consequently, it can be expected that the universe observed from any

other point 1looks the same as observed from the Earth. This

assumption, together with that of the isotropy of the universe as

observed from the Earth, implies the Cosmological Principle at

present time, because any space that is isotropic about every point is

also homogeneous(z). The Relativity Principle then ensures that it
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applies at all times.

These considerations which were first introduced as an
acceptable simplifying mathematical hypothesis, have been
observationally confirmed to some extent. We quote the following

observations:

i) The cosmic microwave 1isotropy at any scale: only a dipole
component has been detected, which can be interpreted in terms of the
peculiar motion of the Local Group of galaxies. Small scale

anisotropies in the cosmic microwave temperature are bounded by:

ar/r ¢ 107% (1.1)
and on some scales by:
-5

AaT/T ¢ 3 x 10 (1.2)

(see Chapter 3).

ii) The light element abundances, which with the help of a model
of the anisotropy evolution from light element formation at T « 109K
up to the present, enable us to limit the large scale anisotropy by

less than one part in 108 (3).

iii) The two point galaxy correlation function tg(r) shows a

(4)

universal behavior, independently from the catalogue (see eq.
(6.36)). This is an isotropy test (different catalogues consist of

sets of galaxies taken from different directions).
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A mathematical consequence of the Cosmological Principle is the

existence of a coordinate system in which the metric of space-time

takes the form(z):

2 2

ds?® = g dxM dx¥ = dt? - R%(t) do? (1.3)

pv

where g are the components of the metric tensor and do2 is the

[Ny
three-space metric and is time independent. It can be written 1in

form:

. . 2
dx1 de dr

do .
1J 1-kr

]
1
[ -3

+ r2(del+sin%ede?) (1.4)

with k the curvature constant, which represents the sign of the

intrinsic curvature of the maximally symmetric three—spaces, and takes

the values k = 1,0 and -1. This form of the metric results only

symmetry considerations and is known as the Robertson-Walker metric

(R-W). In these kind of metrics only one dynamical function, R(t),

to be determined by means of the field equations of the gravitation

theory, in our case Einstein’s equations.

If k=1, the three-spaces are finite, with proper volume given

by:

3

and R(t) can then be interpreted as the "radius"” of the universe.

vV = 2nR3(t) (1.5)

k=0 or -1, no such interpretation is possible. However, R(t) still

gives a measure of the scale of the geometry in the three-space,

is in any case termed the cosmic scale factor.
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1.2 EINSTEIN’S EQUATIONS

The considerations about the form of the metric of space-time
made in the previous Section are now to be completed by the study of

its dynamics by means of Einstein’s equations.

Let us first briefly review some results from Differential
Geometry to be used in this Section. Given a space with metric g”v,

the affine connection or Christoffel symbols are given by

= rH (1.6)

te pA,v] Ap

Mo_ 1 _pv _
r =35 g [8 g

PA PV A Av,p

where g”v is the inverse of the metric matrix
e g, =5 (1.7)

and the second equality in eq. (1.6) follows from the symmetry of the

metric.

The covariant derivative of the contravariant components of a

tensor field is defined by means of the Christoffel symbols:

e - _— + YV AP L P VAL,

"M ' M HA HA s (1.8)

and for the covariant components:

i}
!
!
~
|

= r .
Tup...;p Tup...,u [712 TAp... HpP TvA... (1.9)
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with evident extensions to components of mixed type.

The Riemann curvature tensor is also defined in terms of the
affine connection:
A R A a A o A

- T +r r - T r (1.10)

R I
pop = Tw,p T Tupow T T Tpo T Tup Two

The Ricci tensor is obtained by contracting the above expression

in the indices A and v:

A A A o A o] A
R = = -r +r° r* -r° r 1.11
HP HAp HA, P HP, A KA~ po Hp " Ao ¢ )

whose trace is the curvature scalar Rc:
R = gl r (1.12)

It can be shown that the Ricci tensor for a maximally symmetric

subspace of dimension N is given by:

R, = i

ab = NPcfab a,b = 1,...,N (1.13)

For the three-spaces we have:

o

ij 2k gij (1.14)

where, according to eq. (1.4):

Err = — (1.15)
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09,2
h
|
"~

e (1.16)

and

2 . 2
. r'sin”e (1.17)

00, ¢
"

are the non—-zero elements of the metric for the maximally symmetric

three-spaces. We see that

o
n

6k (1.18)
and hence the interpretation of k given in the previous Section.

Einstein’s equations can be written as:

_ _ 1 A
Ryv Agpv = B"G(Tyv z-gpu TA) (1.19)
where A 1is the cosmological constant and G is Newton’s gravitational
constant. Tpv is the energy-momentum tensor, which has to be maximally

form—invariant on the hypersurfaces of constant time. This requires

that Tpv has a perfect fluid form:

Ty = = PEy, + (pHPIuyu, (1.20)

Y]

where u” is the mean velocity of the fluid

u =1
ul =0 (1.21)
uau = 1

Lo §
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that is, the universe content 1is, on average, at rest in our
coordinate system. P(t) and p(t) are the pressure and the energy
density of the isotropic fluid, which are to be calculated from

Kinetic Theory.

In order to write Einstein’s equations (1.19) explicitly, the
Ricci tensor for the R-W metric has to be computed by means of eq.

(1.11). The non-zero components are:

R, =3 R (1.22)
R
_ . 2 ~
nij = (RR + 2R + 2k) g;; (1.23)

The field equations follow from eqs. (1.20) to (1.23). The 0-0

term gives:

3R = - 4nG(p + 3P) R + AR (1.24)

The spatial components then lead to only one equation:

Rii + 2R% + 2k = 4na(p-P)RZ + ARZ (1.25)
Removing ﬁ, we obtain:
.2
gt = | B - 8uG p + 1,._ Ef (1.26)
R 3 3 R

which defines de Hubble parameter H.

The energy-—momentum tensor satisfies the conservation equation:
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717 = 0 1.27
L ( )

which can be deduced from Einstein’s equations through the Bianchi

identities

RM-'VOH] ¥ RApr/v;o * RApoq;u =0 (1.28)
where
= n )
RApvo gAq vao (1.29)

For v=0, eq. (1.27) gives (energy conservation):

pr3 = 4 R3(p+P)] (1.30)
dt

or, equivalently:

d_ (pr%) = - 3pPR? (1.31)
dR
Once a state equation P = P(p) is given, eq. (1.31) determines

the function p(R), and then eq. (1.26) gives the time evolution of R,
that is, the function R(t). This determines all the dynamics of the
universe. Cosmological models based on the R-W metric, in which R(t)

is evaluated is this way, are known as Friedmann—-Robertson-Walker

(FRW) models(4).

Some qualitative features of the evolution of the wuniverse can
be deduced without specifying the state equation. Two different

situations arise, depending on the value of the cosmological constant:

10
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i) In the standard cosmological model it is assumed that A4=0.

In this case eq. (1.24) implies that ¢ < 0 as long as p + 3P is
positive. Moreover R > 0 by definitiomn, and ﬁ/H > 0, because we now
see red—-shifts and no blue-shifts (see Chapter 2). We conclude that
R(t) 1is an increasing function of time at the present and that the
R(t) versus t curve cuts the t axis at some finite time in the past,

if Einstein’s equations hold at every time. The zero instant, t = 0,

is defined by:
R(0) = 0 (1.32)

at which point the model has a singularity, and the age of the

universe to is the time elapsed since then, and has a finite value.

On the other hand, eq. (1.31) requires that p decreases with
increasing R at least as R-a, if P is positive, and then eq. (1.26)

implies that:

when R —4 @ . The consequences of this behavior in the future
expansion depend on the k sign: If k = -1, then R(t) —— t as t —y oo
and the universe expands forever. If k = 0, then R(t) — ta, with
a {1 as t — o, and the universe expands indefinitely, but slower
than for k = -1. If k = 1, the expansion stops (R = 0) at the time

when:

11
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8nG k
—_—p - = 0 (1.33)
3 Rz

and then R will take negative values, because R < 0. The wuniverse
recollapses and reaches, yet again, a singularity in a finite time in

the future. We see that the future trends of the evolution of the

universe are determined by the geometry of the three-spaces. If k = 1,
the model is termed closed; if k = 0, we have a zero scalar curvature
and the geometry is flat; if k = -1 the model is open.

Eq. (1.26) can be written in the form:

- B%(a-1) (1.34)

RJNI =

where the cosmological density parameter is defined by:

a(t) = gi%%y (1.35)

o4

and

382 (t)
8nG

pc(t) g (1.36)

is known as the critical energy density at time t.

Defining the deceleration parameter by:

- __B_ill__ (1.37)

q(t) 5
R(t)H"(t)

eq. (1.24) becomes at the present time (a zero subscript means present

values of the dynamical functions):

12
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R, + —— (1.38)

The present pressure of the universe is negligible (see Section

1.4). Egqs. (1.34), (1.36) and (1.38) give then the following

equivalences:

1

k =1ledn>1 & p > P, & 9, > 2 (1.39)

k=0<::on=1¢=>p=pc¢=:>qo=%- (1.40)
1

k=-lema<<lemp<<p, &9, <3 (1.41)

That is, a closed (open) FRW wuniverse with 2zero cosmological
constant has a cosmological density parameter greater (smaller) than
the unity and an energy density greater (smaller) than the critical
density. This is the density of the flat models, which have a
cosmological density parameter equal to unity. The geometry of the

hypersurfaces of constant time are then determined by the content of

the universe.

ii) Let us now consider the situation where A4 # 0. If, at some

time:

then, according to eq. (1.26):

=4 (1.42)
3

13
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which implies an exponential expansion (see Chapter 8)
R a exp [(.4/3)1/2 t] (1.43)

We know that the present expansion is not dominated by the 4

(5),

term. This requires that

M ~
Pe
where MPC is the Planck mass. This limit is not yet understood from
the point of view of Particle Physics (see Chapter 8).
IfT A # 0, eq. (1.26) and (1.24) can be written as:
K =ra-1) +2 (1.45)
R 3
Q 4nQpP a
qQ = — + - (1.46)
2 H BHE

which means that the equivalences (1.39), (1.40) and (1.41) do not

hold now.

A particular case of the <closed A # 0 models is when

g = 4nG(p+3P) and RZ = R;gz = 4nG(p+P). Then R = 0 and R = 0.

This is Einstein’s static model in which no expansion occurs. The

A = 4

cosmological constant was historically introduced to avoid the

universe expansion characteristic of the 4 = 0 models, before the

interpretation of the galaxy red-shifts as a cosmological D8ppler

effect was well stated.

14
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Bounds on the age of the universe can be derived

(6)

observations

from

The age of the universe in the standard model can be

calculated from eq. (1.26). For some particular state equations, an

analytical solution can be found(z):
t = f(e) H !
u o o
i) Po = po/3 + Then
_ -1
f(szo) = (1 + J—no )
ii) If Po << Py, then:
for k = 0
_ 2
f=3
for k = -1
fr} 2
_ _ -1 _ "o 3/2 -1 _
f(no) = (1 no) 5 (1 no) cosh [H; 1 ]
and for k =1
7 2 2
_ "o _13"3/2 -1 ~ _ 12 1/72
f(ﬂo)—-z—(xz0 1) [cos [E’“ 1] H'(“o 1) ]
o o
In any case it is found that:
t < nu!
u o
15
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1.3 SOME RESULTS FROM RELATIVISTIC KINETIC THEORY

It is generally assumed that at early times the particle content
of the wuniverse formed an ideal gas. The physical properties of this
ideal gés can be derived from Relativistic Kinetic Theory. A review on
this subject can be found in reference 7, here we will only sketch its

main results and their cosmologically relevant consequences.

The key instrument in describing a population of particles of
type i is its distribution function, Ni(p”), which gives the number
density of such particles having four-momenta in a neighborhood of
H

P Its space—-time variation is given by the Boltzmann equation, which

in this framework reads:

LN, =§ I‘u‘j... I“C e N No o (LN (1N ) ..

Jooo
ém. ..

W(Cm...»ij...)-NiNj...(ltNe)(ltNm)...W(ij...aem...)
= C[N,] (1.53)

In this equation, Li is the VLiouville operator in General

Relativity, which can be written as:

_ .a 3 _ _u a B 9
L. = p ;;E rap p p7 — (1.54)

The right hand side or collision term of eq. (1.53) describes the Ni

variations due to the i particle collisions. W(ab...scd...) is the

elementary transition rate for the process a+b+...sc+d+... and np is

16
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the volume element in the phase space for particles of type p:

-3 -1 .3
LI (2w) ° J~8 gplpol d’p (1.55)

where g = det(gpv) and gp is the particle spin degeneracy. The momenta
and the particle mass are related by:
2 a B

my = 845 P P

. (1.56)

The (1¢Np) factors in the integrand of eq. (1.53) describe the
stimulated emission (for bosons) or the Fermi supression factor (for
fermions) for outgoing particles. The upper sign in + refers to bosons

and the lower one to fermions.

If the transition rate for the process itj+...0 e&+m+... is in
either direction much greater than the net production rate of i

particles, LiNi’ then the solution of equation (1.53) is:

Ny eHxty = {ewn [~ a (et - g0t BH] }-1 (1.57)

This situation 1is known as thermal equilibrium, and then an average

velocity up can be defined such that:

B = —pu (1.58)

The cosmic gas is then isotropic with respect to observers who travel
with velocity up, which requires that the energy-momentum tensor has
the perfect fluid form (1.20). It can be calculated through the

distribution function: =

17
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Tqu = I w, Ni(pp,xA) p" pv (1.59)

The current density of particles of class i can also be obtained

by means of Ni:
" P Ay M M
aH I w. N (P, x") P = n,u (1.60)

where n, is the number density of particle 1i.

The standard identifications in Statistical Physics:

2
n

, = By/RGT (1.61)

)
H

1/KpT (1.62)

where Ky is the chemical potential for species i, KB the Boltzmann
constant and T the temperature of the fluid, allow us to calculate via
eqs. (1.57), (1.59) and (1.60), the functions Pi’ Py and n,, that is,

in particular, the state equation in thermal equilibrium.

The characteristic time T, for particles of type i with respect

to the process i+j+...s+€+m+... is defined by the rate of change of n,

due to this process:

%.—E—T[Eﬁ:_l'] . (1.63)

it+tj+...a8+m+. ..

In the early universe, if L is smaller than a characteristic
time for the expansion, tu’ then there is enough time for the process
itj+...s¢+m+... to occur, and it thermally couples the i particles to

the cosmic fluid. By contrast, if L >> tu for every possible process
18
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in which the particles of type i participate, then this kind of
particles are not in thermal equilibrium with the cosmic gas: they are

decoupled.

In order to analyse the evolution of the particle populations
which constitute the cosmic fluid, it is necessary to compare tu with
T, at different temperatures. The function ri(T) can be evaluated

through the Boltzmann equation (1.53), which for R-W metrics implies

that:
1 d )
e (R%n) = Ini CIN, ] (1.64)

The function tu(T) can be obtained in the framework of a given
cosmological model once the state equation is specified. It will be

calculated for the standard model.

1.4 THERMAL HISTORY OF THE UNIVERSE

In the framework of the standard cosmological model, the
particles capable of being present are the elementary particles of the
standard SU(3)xSU(2)xU(1l) microphysical model, which are thermally
produced. Including new particle types results in a different
evolution of the universe, which can be used to test the viability of

the hypotheses made about the exotic particle properties (see Chapter

6).

The number density of particle i can be derived from eqs. (1.57)

19
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and (1.60) above:

_ -1
n, = Ini uy p” [exp(-yi+ukph)/KBT + 1] (1.65)

and in general it is a function of the chemical potential and

temperature.

For i = photon, except for a range of temperatures in which the
photon number is conserved in any process(B), the chemical potential
is zero, p1=0. As a consequence

My * My = 0 (1.66)

for any pair of particle—antiparticle in chemical equilibrium, and the

chemical potentials will be zero for any pair such that

A (1.67)

or equivalently (see eq. 1.65):

n. = nvy (1.68)

This is the case of nucleons. The baryon number is very 1ow(9)

) (1.69)

so that Hg = 0. As for leptons, it is a hypothesis of the standard

cosmological model to assume that:
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i i . .
L, = = L« (1.
i
n
]
for i = e-,p—,r- » and consequently:
My = Hp =y =g =0 (1.
i i

70)

71)

If pi/KBT << 1, then eq. (1.65) gives, in two extreme regimes:

i) For KBT >> m, (relativistic particles)

1.202

_ 3
ni(boson) = ——1-:2-— gi(KBT) (1.
. 3
n. (fermion) = = n, (boson) (1.
i g 1
ii) For KBT << m, (non-relativistic particles)
miKBT 3/2
n, = g [ —a ] exp (- mi/KBT) (1.
which implies that for m, >> KBT, the particle i population
exponentially supressed.
The state equation can be derived from eqs. (1.57), (1.59)
(1.20). We get:
A ~ !
py = [y wyu, pMPY [expC-pyvu,p?) /KT 7 1) (1.
P, = = [w.(uu -g ) pMp” [exp(-p,+u pt)/k T % 1771 (1
i 3%V ey Sw i A B :
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If pi/KBT << 1, they lead to:

i) Relativistic particles:

2

T8y 4
p.(boson) = (K. T) (1.77)
i B
30
p.(fermion) = L p.(boson) (1.78)
1 8 1
1

ii) Non-relativistic particles:

p; = m, n, (1.80)

P. = n, KT (1.81)

The energy conservation equation (1.31) requires that the energy

density of a gas of relativistic particles decreases with R as R_4,

while for non-relativistic particles it varies as R—3.

The energy density for the relativistic species present at

temperature T can be written as (see eqs. (1.77) and (1.78)):

2
n'g_ o.(T) g (T)
po(T) =__e£f__(x vp)4 - eff ~ ot (1.83)
R 30 B 2

where a is the black-body constant and geff is the effective number of

degrees of freedom at temperature T:
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4

4

T 7 T

b f
b T 8 e T

where a b(f) subscript stands for bosons (fermions) and the sums
include all the bosons and fermions present at temperature T, that is,
such that my £ KBT or m, £ KBT. When m, > KBT’ the pairs ii annihilate
leaving only a trace population. The function geff(T) for the standard
model is depicted in figure 1.1(10), where the dominant constituents

of the cosmic soup for each temperature range are also shown.

The baryonic contribution to the energy density of the wuniverse
exceeds that of relativistic particles at present. In fact, the only
relativistic constituents of the cosmic fluid at the present time are

photons and neutrinos, so that:

Ppo = KgT, n_, (1.85)
while, for baryons at the present time:

Ppo = Mg Mg, (1.86)
and then:

g%% . % n, = 1012 g (1.87)
for To = 2.7 K (see Chapter 3), where:

n = ;% (1.88)
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Figure 1.1 The effective number of degrees of
freedom Jorr aS @ function of the radiation

temperature T. The dominant constituents of the
cosmic soup for different temperature ranges are
also shown (from Wagoner (10); copyright 1980 by
North-Holland Physics Publishing).
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is the baryon—-to-photon number ratio, a parameter whose present value
can be derived from light element abundance observations (see Chapter

4). It is found that'9);

3 x 1010 ¢ p_ ¢ 1077 (1.89)

and consequently:

PBo ”’ PRro

The baryon-to-photon number ratio g5 1is constant throughout
cosmic evolution once the pairs e+e_ annihilate (see below). Eq.
(1.87) then implies that the universe density could have been
dominated by relativistic particles if the universe had once been at
temperatures higher than To. In this case, eqgs. (1.26), (1.83) and

(1.84) allow us to obtain the time-temperature relation for FRW

models:
45 He 1
i [ 16076 ] gL f2(m) (k)% (o0
For a density dominated by non-relativistic particles

(matter—-dominated density), the t(T) function is

(1.91)

~3/2
7]

t a [K T

This implies that the wuniverse cools as time passes and the

expansion goes on. The universe has indeed been at higher temperatures
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in the past, and a temperature Tdon exists such that:

pB(Tdom) = pR(Tdom)

It is given by (see below):

~ 12
Tdom = 2.40 x 10 7, K (1.92)

and for T > Tdom’ the universe density is dominated by relativistic

particles.

The conservation of entropy per comoving volume R3 of particles
in thermal equilibrium, SE, as the expansion proceeds is a consequence
of the energy conservation for these particles when taken

(2). At E

separately a temperature T and for relativistic particles, 8

is given by:

E 3 3,3

- B_ - 2 _E
s° = 7 2 (p; + P) = 5 gopp(T) a TR (1.93)
i

where the sum includes the particles in thermal equilibrium and we

have taken into account eqs. (1.79) and (1.83). As a consequence of

this conservation law, TR is constant in the temperature ranges in
. E . E . .

which geff(T) is constant; geff(T) is constant except in the

neighborhood of a pair annihilation (see figure 1.1). In these cases,

eq. (1.93) requires that:

E

3
(TR) g

b= gff,e (1.94)
(Tn)a geff,b

where the subscript b(a) stands for the values of the functions before

26

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

(after) the pair annihilation. This jump in TR results in a jump in

the p parameter given by:

3
n, (TR)y
2 — (1.95)
n, (TR)

The last annihilated particle pairs are electron-positron pairs,

at a temperature KBT P Zme =« 1 MeV. For this annihilation:

3
(TR) 11

;1 Mev _ (1.96)
(TR) 31 Mev 4

because at KBT x 1 MeV, neutrinos are no longer in thermal equilibrium

with the cosmic fluid, and only photons (for KBT 1 MeV) and e+e

. E
(for KBT 2 1 MeV) enter the calculation of Borf:

Let us now consider the decoupling temperature for weak
interacting particles. For the standard microphysical model, only

neutrinos (ve, vu, vr) have such a property. The most important

processes in order to keep these particles coupled to the components

in thermal equilibrium, are neutral current weak interactions with el.

Their characteristic time is given approximately by(lo):

4 2
i L n_e (KBT)

T | K, T ?"+mzo’2
e

(1.97)

where mz

thus led to (see eq. (1.90):

o is the neutral weak boson mass and e the e* charge. We are
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2 3
t a MPC(KBT)

T 7172 2. 2
T Berf [(KB T) +nz°]

> (1.98)

The condition ; >> 1 holds for

172 4 1/3 2

geff Mg 0 a
few MeV = — < KBT < 173 MPC (1.99)
o Mp, Eotf

where a is the fine structure constant. Electron neutrinos have also
charged current interactions and they decouple at a somewhat lower

temperature.

For KBT { few MeV, neutrinos are then decoupled from the thermal
component. Their distribution has the same form of thermal
equilibrium(z). Their momentum varies according to R—l and they are
not heated by the et annihilation, so that their "temperature"

verifies:
Tv R = constant (1.100)

and then eq. (1.94) implies that:

3
= %l (1.101)

'-3"-3

[ v ]< 1 MeV

so that, for KBT £ 1 MeV the energy density in relativistic particles

is given by:

pp(T) = a rd 4 TN, arTh (1.102)
where Nv is the number of families of 1light neutrinos. This
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expression, with Nv=3, has been used to derive Tdom (eq. (1.92)).

For KBT { 1 MeV, the wuniverse is made of photons, neutrinos,
nucleons and electrons. Because the electric charge of the universe is
zero, the electron number density equals the proton number density.
The nucleons bound to form “He nuclei at KBT ~ 1 MeV (see Chapter 4),
which constitutes about 25% of the baryonic mass of the universe. At
high temperatures, electrons and nuclei are unbound and they form a
plasma, but as the universe cools, a temperature TR is reached such
that the plasma recombines to form neutral atoms. At this moment the
thermal contact between matter and radiation is lost and they became

decoupled. A detailed analysis of this process can be found in

reference (11), where it is shown that the fraction of ionized

material sharply decreases from 99.8% at T = § x 103K to 0.98% at
T =3 x 103K, for Pp = 1.8 x 10“29 gr/cms, and that recombination has
almost ended at T = 2 x 103K.
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CHAPTER 2

DETERMINATION OF THE COSMOLOGICAL
PARAMETERS

The standard cosmological model is determined once the present
values of the Hubble constant, Ho, the deceleration parameter, qo (or
the density parameter no), the temperature of the cosmic microwave
background radiation, To’ the baryon-to-photon number ratio, p

0! and

the number of light neutrino families, Nv’ are specified.

In this Chapter the most important methods used to measure Ho,

q, and no are considered. In forthcoming Chapters, the derivation of

the To, N4 and Nv parameters will be discussed.
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2.1 THE RED-SHIFT

A set of observations to be explained by any viable cosmological
model is the red-shift of the spectral lines of extragalactic objects.
When interpreted in terms of D&ppler shifts, these observations
require that galaxies placed beyond the Virgo cluster (whose distance
is 21.6 Mpc(l)) move away from the Milky Way with a velocity which is
proportional to their distance. Red-shifts of closer objects indicate
the existence of a local field of velocities due to the density

(2)

inhomogeneities at these scales

The red-shift of spectral 1lines can be explained by the
expansion of the universe. In fact, let us consider an electromagnetic
wave which is emitted at time te and reaches an observing device later
on at time to. This 1light signal follows a radial geodesic
(6 = constant, # = constant) in a universe described by a
Robertson-Walker metric (1.3) and (1.4). Assuming that the observing

device is placed at the origin of a comoving coordinate system and

that the point where emission occurs has a radial coordinate rgs we
are led to:

r t

k dr - ° 4t (2.1)

(1-kr2)% R(t)

o tE
because dsz = 0 for 1light signals. The same equality holds for a
photon emitted later on at time tE + ctE and observed at time
t + &t

o o
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re to+6to
dr - dt (2.2)
(1-kr %)% R(t)
o tE+6tE
If BtE = l/uE is the period of the electromagnetic wave at emission,
then bto = 1/vo will be its period at observation (uE and v, are the

respective frequencies). Eqs. (2.1) and (2.2) then imply that:

1 + 2 =

v
E o
" (2.3)

(o]

The shift 2z of the spectral lines is operationally defined by this
expression, which gives its value as a function of the cosmic scale
factor R(t) at times tE and to. Only red-shifts are observed, so that

z > 0 and then necessarily R(to) > R(tE) and the universe expands.

When the emission and observation points are close together,

t — t sy T

o R g — 0 and z << 1. In this case:

1+z_.1+rEr‘z(to)=1+v (2.4)

where v, is the recession velocity of the source of electromagnetic
waves. The cosmological red-shift can then be interpreted in terms of
a Dbppler shift. On the other hand, for a higher value of z, the
contribution to the frequency change of the gravitational field of the
universe has to be taken into account and the interpretation is not so

obvious.
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2.2 THE DETERMINATION OF THE HUBBLE CONSTANT AND THE

DECELERATION PARAMETER

Let us consider an extragalactic object whose absolute and
apparent luminosities are L and ¢, respectively. By analogy with the
definition of luminosity distance for a 1light source in Euclidean

geometry, its luminosity distance is defined by the expression:

1/2 _r,m-M
= 1075*" 8 Mpc (2.5)

where m is the apparent magnitude of the object, defined by:
m=- 2.5 1log ¢ + C (2.6)

with C a constant which fixes the zero point of the magnitude scale. M
is the absolute magnitude of the light source, that is, its apparent
magnitude when placed at 10 pc. The difference m—-M does not depend on

C and it defines dL; this is called "the distance modulus".

It can be shown(a) that dL is related to the radial coordinate

of the source by:

R(t )
L~ "E R(tp) (2.7)

for any R-W type metric. For FRW cosmological models whose energy

density is at present matter—dominated, r_, can be expressed in terms

E

of the source red-shift and the cosmological parameters HO and q,:
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zq_+(a_-1) [(1+2q_z)%-1]
re = 5 (2.8)
H0R0q0(1+z)

and according to eqs. (2.5) and (2.7) we are then led to:

1

zq°+(qo-1)[(1+2q02)%-1] }

2

qO

m-M = 25-5 log H_(km s Mpc‘1)+51og {

(2.9)

If the time elapsed since emission of the light signal up to its

observation is short compared to the Hubble time Ho_l (or,

equivalently, 2z << 1), a series expansion of eq. (2.9) allows us to

write:
m - M= 25 -5 log Ho(km s_1 Mpc_l) + 5 log cz(km s_l)
+ 1.086 (l—qo) z + ... (2.10)
which holds for any R-W type metric 1in this approximation. This

expression, when plotted for a particular group of astronomical
objects of fixed absolute magnitude (standard candles) constitutes
what is known as the Hubble diagram. It predicts a linear dependence
of the apparent magnitude of a set of standard candles as a function
of their red-shift for objects with low value of z. For higher values
of z, the shape of the curve depends on s and then could serve, in

principle, as a method of deriving q,-
DETERMINATION OF HO

In order to derive the Hubble constant through the expression

(2.9), we need to know the red-shift and the apparent and absolute
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magnitudes of a single object placed beyond the Virgo cluster (or even
further away if 1large scale streaming motions are confirmed, see
Section 5.2) and with z < 0.1 . The determination of z and m does not
raise any major problem. The difficulties 1lie in the absolute
magnitude measurement, which is equivalent to the determination of the
distance at which the object 1is placed. The measurement of
extragalactic distances is usually done by means of standard candles,
that is, a class of astronomical objects whose absolute magnitude is
uniform and of known value. Different standard candles are used for
increasing distances, and the determination of their absolute
magnitude 1is made in the step previous to that in which the standard
candle in question is used as a distance indicator. An introduction to
the determination of the extragalactic distance scale can be found in

reference (3).

Brightest cluster galaxies have been used as standard candles
for the most distant objects. A detailed discussion of the method
followed by G.A. Tammann and A. Sandage’s group is made in reference
(4). This group found that:

1 -1

H = 50 + 10 knm s = Mpec (2.11)

(5)

while G. de Vaucouleurs’ group give

H, = 100 % 10 kn s 1 Mpe! (2.12)
Supernovae have been estimated to have an uniform maximum
absolute luminosity with small dispersion about the mean, and they can

consequently be used as standard candles. Type 1 supernovae are

considered to yield at present the most reliable determination of the
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large scale Ho by Tammann and Sandage. They find that(e)

Ho = 50 + 7 km s—l Mpc“1 (2.13)

while G. de Vaucouleurs’ group obtain by this method the following
(7,

value for the Hubble ratio
H =99 + 8 km s = Mpc (2.14)

Another largely wutilized distance indicator is the global HI
line width profile, which has been found to be correlated to the

galaxy 1luminosity by Tully and Fisher(a).

To avoid the uncertainties
in the absorption corrections, Aaronson et al. have proposed using
infrared magnitudes. They derive a "best guess" value for the Hubble
constant of(g)

H, = 90 kn s ! Mpe1 (2.15)

The differences among different authors are mainly due to the
calibration methods employed for the local distance scale and to the
way in which the galactic extinction correction is carried out. They
are delicate technical problems and it is difficult to decide which
one is the correct value. The Hubble constant is usually parametrized

in the way:

H, = 100h km s ' Mpc ' (2.16)
and h is taken to be

1

Z¢h ¢l (2.17)
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The calibration methods are expected to be improved with the

help of the Space Telescope(g).

Very-long-baseline radio interferometry techniques have been
recently applied to measure the angular size of the shell of debris
ejected by the recent supernova SN1979c¢c in the galaxy M100 in the
Virgo cluster, which exploded in 1979 and which 1is expanding with

4 km av.—1 (known from optical observations). This

velocity v, = 1.2 x 10
gives the real size of the photosphere. The real size of the
radiosphere can be known by means of a model relating the photosphere

and the radiosphere, and making a comparison with its angular size

gives the distance to the Virgo cluster and Ho. It has been found
that(lo):
p{tocal). 65*35 km 57! Mpe™! (2.18)

Errors are mainly due to the fact that the derivation is model

dependent.

It is hoped that in the future it will be possible to measure
the angular sizes of the photosphere ejected by supernovae explosions

(11)

by means of the Space Telescope This will lower the errors in the

determination of Ho from observations of the expanding shells

resulting from supernovae explosions.

For recent reviews on the cosmic distance scale determinations,

see reference (12).
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DETERMINATION OF q,
The present deceleration parameter q, and density parameter no

are related by (Poa 0)

2 4
Q@ = 2q + - (2.19)
o o 3 ;7
o
If A4 = 0, determining q, gives no and conversely. An independent

derivation of q, and no gives A.

It is not possible to derive q, by means of the Hubble diagram
for some kinds of standard candles due to their evolution. In fact,
let us assume that the intrinsic luminosity of an object in a given
band depends on time, L = L(t). If this function is developed as a
series of (to—tE) and the reasoning pattern leading to eq. (2.10) is
repeated, we will obtain an expression formally identical to eq.

(2.10), but with qo,eff instead of q,» where:

t(to)
qo,eff = 4q, - L(to)Ho = 9q, + Aqo (2.20)

This means that the Hubble diagram gives information about U off’
’

which differs from the true q, in the evolutionary term Aqo.

B.M. Tinsley and J.E. Gunn(ls) have evaluated the correcting
term Aqo for the optical luminosity of galaxies, by modelling the
effects of stellar evolution and of the supposed canibalism of the
brightest cluster members. The resulting correction depends on the
details of the model and on the cosmological model, but is always of
the same order as qo,eff as given by the Hubble diagram for brightest

cluster galaxies (best fit: ¢ 1.6). Later galaxy evolution

o,eff =
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models by Bruzua1(14)

confirmed that the Hubble diagram for galaxies
in the V-band is useless for determining q,- However, infrared K-band
Hubble diagrams are more sensitive to cosmological parameters than to
evolutionary effects, and they could possibly be used to derive qo(ls)

(see figure 2.1).

Considering other kind of extragalactic objects as standard
candles does not improve the situation, except for supernovae. The
value of their maximum absolute magnitudes is assumed to be
independent of the cosmological epoch, because they are due to 1local

physical conditions that are the same in

B LN L A L B B L B B ]
20— c (r =1 Gy) model : - - =0 N=1 -
u = 0.5 model . n= - - - - Q=1 T
- .
| H,=50, A,=0, 2=5 . =]
- -~
18 - «
L ° L] P . [ ] e _ - —
L R see R N |
« ® e o b =~
. ¢ W~ % ."__.:" g et N
« 18 C_ w REr R Fe T ]
.g e * . . - J
f— “ ° PR [ ] —
| . s ﬁ,
&= {9~ .
b— ® % /E ? —
14— 78, —
L 3CR NLRG ¢ |
-4 “1-Jy” radio gal ®
12 ) Brightest ¢l members «
AR Y NN SN NN T SR AN S S S N N N RN RN B
0 5 1 1.5 2
YA
Figure 2.1 The currently available K-band

photometlry for distant galaxies. Superposed are the
galaxy evolution wmodels by Bruzual, characterized
either by a single 1-Gyr burst of star formation
(c-models), or an exponentially decreasing star
formation rate (p-models) and by deceleration

parameters of 9, = 0 and q, = % (from Spinrad and
Djorgovski (15); copyright 1987 by the IAU).
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any explosion. Consequently, there are no evolutionary corrections for
the Hubble diagram for supernovae. The problem now is that in order to
measure q _, objects at high red-shift (z 2 0.5) are needed, and at
these distances supernovae are too weak to be detected from
terrestrial telescopes: this will only be possible by means of the

(16)

Space Telescope With this telescope it is expected that q, could
be determined with an error lower than 0.15 from observations of

supernovae in rich galaxy clusters.

2.3 DETERMINATION OF THE DENSITY PARAMETER

The determination of the mean energy density in the form of
gravitationally bound mass is carried out by means of dynamical
methods, which are unable to distinguish between nucleons and another
kind of gravitating material (for example, massive neutrinos, axions,

photinos...).
At the scale of galaxies and galaxy clusters, these methods

measure the mass-to-light ratios, M/L, and the mean density is derived

by means of the expression:
p=1Te (2.21)

where ¢ is the average luminosity density of the night sky. The

density parameter 2 on a given scale can also be determined:
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a = M/L (2.22)

where the critical mass-to—luminosity ratio is defined by:
(M/L) = p_/% (2.23)
Here P is the critical density for universe closure.

Two kinds of uncertainties arise in this method. The first of

(17)

them is the &£ value Kirshner, Oemler and Schechter give

8 3

€= (1.9 + 0.28) x 100 h L Mpc (2.24)

33

with L0 the solar luminosity, Le = 3.9 x 10 erg s_l. Davis, Geller

and Huchra find:

e =1.2 x 108 h L Mpc™3 (2.25)
and Yahil, Sandage and Tammann
_ 8 -3

£ = 1.56 x 10 h L0 Mpc (2.26)

That is, there exists an uncertainty of roughly a factor of two in the

£ value.

The second problem lies in the M/L determination. A detailed

review on the different methods to derive the mass-to-luminosity ratio

in spiral and elliptical galaxies can be found in reference (18). Here

only the major results will be quoted.
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i) A direct determination of M/L can only be achieved in the

solar neighborhood. It has been found that(lg)

M M@
T = (2 + 1) I (2.27)
®
. 33 . _ 8
where M@ is the solar mass, M0 = 2 x 10 g. Taking £ = 2 x 10" h L@

Mpc'a, this leads to:

a_ = (0.0016 + 0.0008) h™!

(2.28)
It has been pointed out(zo) that about 50% of the mass in the

solar vicinity could be in the form of unobserved material.

ii) The observation of the 21 cm line in galactic HI regions
shows that the rotation curve of the Milky Way is flat beyond the Sun
up to several kpc. (The rotation curve is the representation of the
velocity of rotation of the HI regions as a function of their distance
to the galactic center). These observations, together with the
analysis of radial velocities of globular clusters and nearby dwarf

(21)

spheroidal galaxies permit us to know the mass distribution
inside a radius R. This distribution implies the existence of a dark
halo, which goes further away from the 1luminous component, giving

M/L ¢ (70 & 20) M_/Lg.

iii) Spiral galaxies
Rotation curves from the 21 cm line observations in HI regions

are known for spiral galaxies beyond the Holmberg radius RH (radius of

the isophote of mpg = 26™.5 arc Bec-z). They show that, in contrast

with standard Newtonian mechanics predictions, the tangential

velocities do not decrease as v(R) a R~1/2 for large values of R, but
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they tend to a constant vc(~ 150-300 km s—l for bright spirals).

2.2(22)

Figure shows some of these rotation curves. Newtonian

mechanics allows us to calculate the mass inside a radius R:

R v2

M (<R) = —g c (2.29)

which requires that:

p(R) a R 2 (2.30)

The optical and infrared density of stellar luminosity varies
as(23)

j(R) « R™3 (2.31)

which when compared with eq. (2.30) suggests that the gravitating mass
density has not the same distribution as the observable stars. It is
then necessary to postulate a dark component at large values of R,
which is known as the halo (see, however, Lafon(24) for a different

(

opinion, and Milgrom 25) for a modification of the gravitation laws at

large scale, which implies flat rotation curves).

Analysis of rotation curves shows that in the central regions of

spiral galaxies:

M((RH) M@

E-(-‘(—R;T ~ (4-20) h "L—; (2.32)

which does not greatly differ from the solar vicinity value (2.27) if
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Figure 2.2 Rotational velocittes for seven
galaxies, as a function of distance from nucleus.
Curves have been smoothed to remove velocity
undulations across arms and small differences
between major-axis velocities on each side of
nucleus (from Rubin, Ford and Thonnard (22);
published by the University of Chicago Press;
copyright 1978 by the AAS).

h = 1/2. In constrast, statistics of binaries spiral-spiral and the

rotation curves at large R, point t°(22,26)

M(SIOO kpc) MQ

=~ (60 + 20) h — (2.33)
L(£100 kpc) Ly
2 = 0.05 + 0.016 (2.34)

that is, different methods confirm the presence of a dark component in

spiral galaxies on scales » RH.
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iv) Elliptical galaxies
Traditionally, the mass of this kind of galaxies is derived from
the virial theorem. This requires knowing some parameters such as
<v2>, which 1is not easy to determine. For the central parts of the
galaxies, it is found that:
MG)
« (10 - 20) h — (2.35)

Lo

L

In some cases, elliptical galaxies are surrounded by amn X
emitting plasma, and then M(<R) can be derived from the observed
density profiles of the X emission (and from the assumption that the
plasma is in hydrostatic equilibrium)(27). Another method is the
statistical analysis of binaries. The mass—to-light ratios obtained in
both cases are similar to those found for the outer regions of spiral

galaxies (2.33), so that ellipticals may also have dark halos.

The existence of dark matter in galaxies does not exclude, in
principle, that it may be baryonic. This problem has been analysed by

Hegyi and Olive(zs),

who concluded that the only possibility for a
baryon dominated halo is that it is formed by black holes which are
either primordial or extremely efficient in accreting material. Low
mass Jupiter—-like objects with masses < 0.08 MG are difficult to
exclude, unless the initial mass function (IMF)

d(m) = A m ¥ (2.36)

(which gives the stellar mass distribution at star formation and is

constrained from stellar data in the solar vicinity(zg)), could be
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safely extrapolated toward the low mass region. Bimodal IMF models

(30)

which predict a higher star formation rate for massive stars in the

past, and models where the IMF has a metallicity dependent slope,

x(31), might reinforce the possibility of black hole

galactic haloes.

v) Galaxy clusters

dominated

High mass-to—~-light ratios are obtained for relaxed galaxy

clusters when they are modelled by means of monomassive i
spheres(sz)

MO

(0]

sothermal

(2.37)

However, when the model is refined, then lower M/L values can be

found. For example all available data of the Coma cluster

fitted together by means of models which lead to M/L values o

M Mm

can be
£(33)
(2.38)

The density parameter at scale of galaxy clusters has a value

of:

2 =~ 0.12 - 0.5
o

lower than the critical value 2 = 1.

(34,35)

vi) The cosmic virial theorem connects the

peculiar velocities due to inhomogeneities of the density

scales r and these inhomogeneities:
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2

<vi(r)> « % a_ HZ 3,(r) (2.40)

where

r

Jz(r) = I s t(s) ds (2.41)

o

and ¢(s) is the galaxy two-point correlation function, derivable from
galaxy catalogues (see Chapter 5) and <v2(r)> is the velocity
dispersion for galaxies separated by a distance r, which can be
obtained from complete red-shift samples. The following values of 2

o
have been obtained by different authors:

0.25 - 0.30 ¢(36) (2.42)

®
"

+0.4  (37)

2 =0.2 e (2.43)

on scales of some tens of Mpc.

Similar values are obtained from the analysis of the
Virgocentric flow:
(2.44)

@ =0.35 + 0.15 (39 (2.45)

These methods would not have detected a density component

homogeneous on the scales in consideration.

vii) IRAS galaxies have been used to determine the dipole
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1 Mpc) gravitational field(4o). It has

component of the local (K 200 h
been found to reasonably agree with the cosmic microwave dipole
anisotropy. If this is the case, then the density structure of these
galaxies can be used to derive no. In fact, the peculiar velocity d of

the Local Group is related to no by the expression(34)

2= %; ng.s H, J 21%%—3 adr (2.46)

where D(®) is the 1local relative density function of the mass
distribution causing the peculiar velocity, which can be derived from

galaxy counts. It is found that:
2 =1+0.2 (2.47)

The quoted errors are only statistical, and may remarkably
understimate the total error. The disagreement between this value and
those deduced from the cosmic virial theorem and the Virgocentric

infall could be real, however.

Another indication of an no of about unity, comes from its
measurement using deep galaxy counts (median red-shift z = 0.5, scales

1 (41)

~ 1000 h =~ Mpc). They lead to

no = 0.9_0.5 (2.48)
Here also the error evaluation is uncertain.
From this short review on the no determinations on different

scales, we conclude that ﬂo increases with scale, and even if still

controversial, some indications exist that it could be as 1large as
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ao = 1 on scales of > 100 h_1 Mpc, in agreement with the inflationary
scenario predictions (see Chapter 9). This fact indicates the
existence of dark matter and the subsequent question to answer
concerns the microphysical properties of such a material. The most
stringent constraints against dark matter being baryons is provided by
primordial nucleosynthesis in standard cosmological frameworks. In
fact, when calculated outputs are compared with 1light element
abundance observations, agreement is only reached for a limited range

of the baryon-to-photon ratio, namely(42)

-9
max (2.49)

<3
[}
(%)
]
Pt
o
|
I~
<3
()
A
[o]
o
n
3

which results in an upper limit for the baryonic contribution to no

3
-2 . -2 T,
2. < 3.53 x 102 h (2.50)

Bo ° 2.7K

that is, the universe cannot be closed by baryons, and even if
ao ~ 0.1 - 0.3, non-baryonic dark matter could possibly be necessary
to explain the astronomical data. Some ways—out to the limit (2.49)

will be addressed in Chapter 6.
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CHAPTER 3

THE COSMIC MICROWAVE BACKGROUND

As explained in Chapter 1, the dynamical evolution of the
universe 1is characterized by an expansion which results in a decrease
of the temperature of the cosmic constituents. Below T x~ 1 MeV, the
cosmic gas consists of photons and electron and baryon traces which
are in thermal equilibrium with the radiation until the temperature
reaches a value TR ~ 4000 K, and decoupled neutrinos at "temperature"
Tu‘ When T<TR, electrons and nuclei recombine forming neutral atoms.

Then matter becomes transparent to radiation and the thermal contact

between these components is lost.

One of the clearest pieces of evidence for the big-bang model
was the discovery of the cosmic microwave background (CMB) by Penzias
and Wilson in 1965(1). Its existence had been predicted by Gamow and
co—-workers in 1946(2), and later on by Dicke, Peebles, Roll and

Wilkinson in 1965(3). Subsequent measurements stated that it has a
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. 4
blackbody spectrum corresponding to a temperature of 2.75 K( ),

without any significant distortion.

There exists agreement on the origins of the CMB: the photon gas
which dominated the energy density of the universe at high
temperatures, even if extremely red-shifted, 1is still present
nowadays. Its Planckian spectrum and isotropy on any scale can be
satisfactorily interpreted in the framework of any cosmological model
based on the Cosmological Principle and such that: i) the
energy-momentum tensor is conserved, ii) the radiation temperature has
once been higher than TR (to ensure that radiation has once been in
thermal equilibrium with matter), and 1iii) the photon entropy per

baryon is much higher than unity.

3.1 THE SPECTRUM OF THE COSMIC MICROWAVE BACKGROUND

3.1.1 STANDARD COSMOLOGICAL MODEL PREDICTIONS

We will now analyse which kind of CMB spectrum can be expected
to be measured today for the radiation field filling a universe which
evolves as described in Chapter 1. Here we are only interested in the
constituents of the cosmic gas which are in thermal equilibrium with
the radiation when T)TR, that is photons, electrons and nuclei: they
constitute a plasma. The spectral distribution of the photon energy
results from the consideration of the different absorption and

emission processes occurring in the cosmic plasma(S’e).
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Let nT(vo,t)dvo be the number density at time t of photons which
at the present or observing time have a frequency in the interval
[vo, v, * dyo]. If no absorption or emission process takes place in

the medium, then the photon number density in the covolume H3 must be

conserved and:
3
ny(vo,t) RY(t) dvo s N(uo,t)dvo = constant (3.1)

Absorption and stimulated emission processes cause a modification in

fl(vo,t)duo in the time between t and t+dt given by

[(E(u(t),t) - A(v(t),t)] #(v _,t) dt dv

where

R
v(t) = v ;%t) (3.2)

is the frequency at time t of photons of frequency v, at observation,
and Ro = R(to). E(v,t) and A(v,t) stand for the stimulated emission
and absorption rates at time t for photons of frequency v, per unit

proper volume. Spontaneous emission in the medium adds
3
E'(v(t),t) R (t) dv dt

photons to the present number in the same time and energy ranges
(E'(v,t) is the spontaneous emission rate at time t for photons of
frequency v, per unit proper volume). The variation rate for the
number of photons which have frequency v, at to’ is described by the

differential equation
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d

— #(v_,t) = [E(v,t) - A(v,t)] #(v_,t)
dt o o

+ B'(v,t) R® R, (3.3)

where the time dependence of v and R has been dropped.

Scattering processes occurring in the plasma should also be
taken into account. The most important of these is Thomson scattering,
which, due to the fact that the photon energy and KBT are much lower
than the electron mass, does not change the photon frequency, only its
direction. However this has no effect in an isotropic medium such as

the one under consideration. The other scattering processes will be

assumed to be negligible when compared with absorption.

If the medium is in thermal equilibrium, by using the relations

between A and E, and between E and E'(7), eq. (3.3) can be written in

the form:
d
— ﬂ(vo,t) = [exp(—Znu/KBT) - 1] A(v,t) N(vo,t) +
dt
+ BNUZRZRO exp(~2uv/KBT)A(v,t) (3.4)

where T is the radiation temperature at the instant t. The solution of

this equation has the form

”(Vost) = exP[~r(tl’t)] ”(uoltl) +

t

+ 8n vi Rg jdt' exp[-r(t',t)] exp[—2nv(t')/KBT(t')] A(lv(t*),t)

t

(3.5)

where t1 is the time at which initial conditions are taken and
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ty

r(ta,tb) = Idt[l—exp(—va(t)/KBT(t))] A(v(t),t) (3.6)

ta
is the optical depth at time tb for a photon emitted at time ta‘ The
first term in the r.h.s. of eq. (3.5) accounts for the photons emitted
at time t1 which are still present at time t>t1; the second one gives
the number of photons emitted by the medium from t1 until the instant
t, with the effects of absorption and induced emission taken into

account.

The present spectrum of the CMB follows from eq. (3.5) by taking

t = to. No photons are left if we take t1 = 0. Let v, =V, then:
pT(v)dv = Zuvnv(v,to) dv (3.7)
and then
t

o
-1
pq(u)du=16n2v3dvIdt %; {exp[~r(t,to)]} {exp[va(t)/KBT(t)]—l}

o
(3.8)
Note that if
v(t) v R
= 2 20 (3.9)
T(t) T(t)R(L)
is independent of time, that is, if
T(t) R(t) = constant (3.10)
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then this leads to the following equation:

16n2u3dy

p‘,(y) dv = (3.11)

exp(2nv/KBT°)-1

and the energy distribution of the CMB will be a blackbody at

temperature To. Moreover, this blackbody spectrum holds at any t,
before, during and after recombination.
Let us now examine the <condition (3.10). The density and

pressure of the thermal component (ideal gas in thermal equilibrium

with the radiation) are given by

1

p = mg ng + a T4 + (v-1) " n_, KT (3.12)

o]
"
=
=
-3
+
0 Ji
[+
-3

(3.13)

where v 1is the specific heat ratio of the gas. The conservation

equation

™Y =9 (3.14)

holds separately for the thermal component. Taking for it

energy-momentum tensor which has a perfect fluid form (see eq.

(1.20)), with p and P given by (3.12) and (3.13) respectively, this
conservation equation can be expressed as:
d In R o + z(v-1)71
—_ - _ (3.15)
d In T o + 1
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where

4
o = — = n (3.186)
3 K, T 45¢(3)

is the photon entropy per baryon. Eq. (3.15) ensures the condition
(3.10) provided that o >> 1 at temperature T. Light element abundance
observations imply that, at T =~ 1 MeV, (see Chapter 4)

g e[3,10] x 1010 (3.17)

and we know that »#5 remains constant in an adiabatically expanding
universe once e+e_ pairs annihilate. We conclude that o(T)>>1 for
every T if 1light elements were synthesized in the early universe.

Models with o>>1 are known as hot big-bang models.

3.1.2 OBSERVATIONS

Measurements of the CMB spectrum carried out in the seventies
showed discrepancies between the longwave side, which could be well
fitted by a blackbody at temperature T = 2.72+0.08 K(B), and the
region of the maximum, where departures from a blackbody shape were

(9)

apparent

More recent measurements(lo’ll’lz)

show that no signif.cant
distortion near the peak exists, and that the CMB spectrum is
consistent with a blackbody at temperature T = 2.75 K with an accuracy

of about 1 percent(4) between 0.1 and 12 cm. Figure 3.1 displays the

data and their fit.
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The fact that no

found

particular,

outstanding

this allows us to bound the

spectral

parameters

distortions

of any

have been

restricts the models which have been proposed to explain it. In

unstable

particle which gives rise to photons as it decays (see Chapter 6).
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Figure 3.1 Measures of the surface brightness Bv of

the CMB. The specirum of a 2.75 K blackbody emitler
is also shown. Filled squares and circles are recent
results. Open squares are old results Included for
comparison. Open circles represent astronomical
measures of interstellar cyanogen (CN) molecules
used as thermometers. Asterisks Iindicate that the
symbol is larger than the error bar (from Wilkinson
(17); published by the American Association for the
Advancement of Science; copyright 1986 by the AAAS).
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3.2 ANGULAR DISTRIBUTION OF THE MICROWAVE BACKGROUND RADIATION

The possible anisotropies of the microwave background radiation
(and their absence) are of major importance as a source of information
about the origins of the CMB and also about the physical conditions
prevailing in the universe at the epoch in which matter and radiation
last interacted. Up to the present, the only anisotropy unambiguously
detected 1is the dipole anisotropy, which can be easily interpreted as
being due to the peculiar velocity of the Solar System with respect to
the reference frame in which the CMB is perfectly isotropic. While the
lack of anisotropy correlated with the Milky Way geometry is a proof
of the extragalactic origin of the CMB, its impressive isotropy on
small angular scales demonstrates that it does not come from
extragalactic radio sources and this implies that the last scattering
surface was extremely uniform. This results in very stringent
restrictions on the possible large scale structure formation
scenarios. Moreover, the absence of large scale anisotropy excludes

any anisotropic cosmological model(la)
(14)

s, except those in which the

anisotropy is only a perturbation

The theoretical aspects of the small scale anisotropy of the CMB

related to the evolution of inhomogeneities will be discussed 1in

Chapter 5. Here we will consider the dipolar component interpretation

and the horizon problen.

3.2.1 THE PECULIAR VELOCITY OF THE OBSERVER

Let us assume that there exists a reference frame in which the

CMB is perfectly isotropic and has a Planckian spectrum. In this
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frame, the energy-momentum tensor for the radiation can be written

thus (see Chapter 1)
N RN LR RN (3.18)

where the photon distribution function in this frame is

N, (xP,p*) = [exp(-p,p") - 117} (3.19)

with
B, = _uA/KBT (3.20)

and the photon four-momentum is given by

pA = 2nv(l,sin@cosé, sinésiné, cose) (3.21)

The spectral distribution of energy pq(u,T) is such that

00

J p, (v, T)dv = T°°(T) (3.22)
o

and is independent of the direction of observation in this frame.

Let us now consider an observer with peculiar velocity Vo and a
reference frame in which this observer is at rest. In this new frame,
the energy—momentum tensor is calculated through an expression

similiar to (3.18) with

- -1
A = N (xP,p") (3.23)

Ny (xPpe?) = [exp(-p; p M)-1]
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and
p.p = Apr = 2nv'(l,8in@’'cosé¢’,sine'siné’,cos6') (3.24)

where Aﬁ stands for the Lorentz transformation with velocity ¥ = *Vo.

In particular, we have the following transformations:

(l-vo cosé)

v' = v (3.25)
(1-vZ ) 1/2

-V + cosé

cos@' = —F—0 (3.26)
l—vo cosé

where 6(68') is the angle formed by Vo and B(B'), v' is the photon
frequency in the new frame and (¢',¢') defines the photon direction

(observation direction) in the new frame. The equality

p,o" = g o (3.27)

which holds under the lLorentz transformation given by As, and eqgs.

(3.20) and (3.21) imply that

(3.28)

This defines a temperature T', which in accordance with eq.

(3.25) is given by

_ T[l—vo cos®]

(3.29)
(l—vi 1/2

T
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that is, in each direction the spectral distribution of the energy is
still a blackbody, but the blackbody temperature depends on the
direction of observation. For practical purposes, v, is the peculiar
velocity of the Sun, and Vo << 1, so that eqs. (3.26) and (3.29) 1lead

to:

T* ~ T(l-—vo cos8') = T + AT(e"*) (3.30)

with a correcting term which is independent of frequency and has an
angular dependence with a 24-hr period. The effect will be maximum
when cose®' = 1, that is the observation is made in the direction (or
the opposite) in which the observer moves. The measurement of 4T(e')
gives us information about the magnitude and direction of Vo: the
peculiar velocity of the Sun with respect to the frame in which the

CMB is exactly isotropic can be derived from these measurements (see

below).

3.2.2 THE HORIZON PROBLEM

Let us consider an observer placed at the origin of a reference
system in a FRW geometry, whose radial and time coordinates are
r = 0 ant t, respectively. If t

1 is an instant previous to t, t, < t,

1
the observer can only receive at time t signals emitted at time tl in
points such that the radial coordinate r verifies r < Ty where ry is

such that a light signal emitted in ry at time tl reaches the observer

inr = 0 at time t, that is:

64

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

dr dr
I _ J (3.31)
J .2 R(r)

If the integral on the r.h.s. diverges for t1 —+ 0, then the
observer can receive, at time t, signals emitted by any comoving
particle in the wuniverse, provided that we consider early enough
emitting times. If, on the contrary, this integral does not diverge,
then at time t only signals emitted inside a finite region of proper

radius

t
dH(t) = R(t) J
0

dr

(3.32)
R(7)

can be received by the observer. This defines what is known as a

(15). 1/2

horizon In FRW models, R(7) ~ 7 as r —+ 0, and consequently

they have horizons.

The cosmic background radiation we observe nowadays consists of

R’ where tR is the (last)

recombination time. The size of the region a light signal can travel

photons which last scattered at time t

from t=0 to t=tR is the horizon at tR. If the universe homogenization

takes place through energy and momentum transport at velocities

smaller than c, then a region whose size exceeded ZdH(tR) at time tR’

would not have had time to erase its possible initial inhomogeneities,

H* where OH

is the angle formed at present by the trajectories of two photons

and then the CMB would be irregular on angular scales 6 > @

emitted at recombination at two points separated by a proper distance

of ZdH(tR). It is given by(s)
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1/2
0 qo(2q02R+1)

. _H
sin— = (3.33)
2 zga, + (a,-1)[(2q zg+1)1/2-1]

where

is the red-shift of the photons emitted at t If z, «~ 1500, then

R’ R
oy = 4.2° Jfa, (3.34)

but the important result is that, for any zp and q, values, a finite

value of OH is predicted.

No such anisotropies have been clearly observed, and we may then
conclude that the hypersurface tR = constant, formed by causally
disconnected regions, was homogeneous: this is the horizon problem. A

possible homogenization mechanism is provided by inflation(ls) (see

Chapter 8).

3.2.3 OBSERVATIONS
i) Small scale anisotropies.

No anisotropies in the cosmic background radiation have been
compellingly detected on small scales. Only upper limits measured on
different scales are available. Figure 3.2 summarizes these upper
(17)

limits The most stringent and sensitive bound has been obtained
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by Us6bn and Wilkinson(la) at ¢ = 4'.5. They quote an upper limit of

AT _s
— ¢ 2.1 x 10 (3.35)
T
(see, however, Kaiser and Silk(la)).
10
5 Dipole ]
1073 |- s
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7 :
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~ 3
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Figure 3.2 Current results of searches for

anisotropy in the CMB on all angular scales. AT is
the fluctuation of the CMB temperature. Symbols
indicate the sources of the data: B reference (18);
v reference (19); o reference (20); x reference
(21); v reference (22); 0O reference (23); ©
reference (24); o reference (28) (from Wilkinson
(17); published by the American Association for the
Advancement of Science; copyright 1986 by the AAAS).

The results of the experiments on scales of 6° and 8° can be
taken as either an upper limit or a detection, depending on whether

they contain or not an uncertain galactic contribution.
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ii) Dipole and quadrupole anisotropy.

A dipole component has been measured by several groups: Results

of the different research teams are given in the following Table

Table 1

Research Dipole amplitude R. A. Declination

group (mK) (hours) (degrees) Wavelengh
Berkeley(?3) 3,46 + 0.17 11.3 + 0.1 -6.0 + 1.4 3 mm
Princeton(?®) 3.18 4+ 0.17 11.2 + 0.1 -8 + 2 1.2 cm
Florence‘2?) 2.9 + 1.3 11.4 + 0.7 3 + 10

- 0.6
mrt(8) 2.8 + 0.8 9.6 + 1.5 -9 + 20
Moscow(28) 3.16 + 0.12 11.3 + 0.15 ~7.5 + 2.5 8 mm

The most accurate measurements have been done by the Berkeley,
Princeton and Moscow groups at different frequencies. Their agreement
on the dipole amplitude and direction is surprisingly good. The
independence of frequency is necessary if the dipole anisotropy is to
be interpreted in terms of the peculiar velocity of the observer. In
accordance with these data, the Sun moves with a velocity of 360 km
s_1 toward the constellation Leo. By substracting the known velocity
of the Sun with respect to the galactic center, we obtain a galactic

o

velocity of 600 + 50 km s_l toward galactic 1longitude 265 and

galactic latitude 250, toward the constellation Hydra, in a direction

which forms an angle of about 45° with the Virgo cluster direction.

The quadrupole component has not yet been detected. The most

rectrictive upper limits have been obtained from the Soviet satellite
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Prognoz—-9 measurements at a wavelength of A = 8 mm (point in the

figure 3.2 at 90°)(28)

AT ¢ 107" K (3.36)
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CHAPTER 4

THE STANDARD BIG-BANG NUCLEOSYNTHESIS

In the preceding Chapters it was emphasized that the standard
Friedmann-Robertson-Walker (FRW) cosmologies explain, in rather a
natural way, the Hubble law and the microwave background of thermal
radiation at 2.7 K. In the present Chapter we will discuss a new piece
of evidence in support of the big-bang model: the consistency between
theory and observations in regard to the abundances of the light

elements D, ®"He, “He and 7Li.

The recession of galaxies and the background radiation provide
us with information on the evolution of the wuniverse up to the
recombination era, that 1is, up to = 105 years after the big-bang.
Light element abundances allow us to go back in time until epochs as
remote as about lozsec. This is the reason why the study of primordial
nucleosynthesis (PN) 1is of major importance in order to decipher the
physical conditions in the early universe, and to set up important

limits on several astrophysical and particle physics parameters (see
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Chapter 6). It must be stressed that the microphysics involved in the
PN process (Fermi theory of weak interactions and analytical fittings

to measured nuclear cross-sections) is well known.

In the frame of FRW models, the theoretical PN calculation is a
closed problem. There remain some uncertainties in the nuclear
cross—-sections, which result in controlled wuncertainties in the
predictions of the 1light element yields. The open question is the
evaluation of primordial abundances from the observed ones, and the
determination of these observed abundances. An enormous amount of work
has been devoted in the recent years to the measurement of light
element concentrations in different astronomical sites, and to the
understanding of the evolutionary processes which allow us to
extrapolate back in time from the present observations up to the

big-bang.

4.1 THE PRIMORDIAL NUCLEOSYNTHESIS PROCESS IN STANDARD

COSMOLOGIES

The simplest models of PN, such as those first investigated by
Peebles(l) and Wagoner, Fowler and Hoyle(z), have been constructed in
the framework of standard big-bang models which are defined by the
following assumptions: i) General Relativity describes correctly the
evolution of the wuniverse, ii) the wuniverse was 1isotropic and

homogeneous at PN time, iii) the baryon number asymmetry was present

at the epoch of PN, and antibaryon annihilation had been completed at
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this time, and iv) the leptonic number is much lower than unity.

During the epoch of relevance for primordial thermonuclear
reactions (10—2 sec t < 103 sec or 1011K >T > 4 x IOBK) the universe
is made of photons (v), neutrinos (v) and antineutrinos (v), electrons

(e”) and positrons (e+) and nucleons (N: neutrons (n) and protons

(p)). As we will see, the nucleon to photon ratio is very low:
n
_ N
’7‘3:”'10 (4.1)

and at this time nucleons are dynamically irrelevant: they are only a

trace constituent of the cosmic soup.

In order to describe the nucleosynthesis process, we will first
examine the time evolution of the neutron-to-proton abundance ratio.

This is controlled by the weak interaction reactions:

n o+ v, —p+ e (4.2)
+ — ~

n +e «p+ v, (4.3)

n —p+e + De (4.4)

which change neutrons into protons and conversely.

Defining the ratio of neutrons and protons to all nucleons by:

X = 2 (4.5)
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and

X = ....E (4'6)

where n. stands for the number density of class i constituent, we see
that Xn + Xp = 1, and then the kinetic equation describing the Xn
evolution can be written as:

- - M(nsp)X_ + A(p~n)(1-X ) (4.7)

where A(n-+p) and A(p+n) are the total transition rates for the weak
processes which transform neutrons into protons, and protons into
neutrons, respectively. They are calculated in the framework of the

Fermi theory of weak interactions, and are given by(3):

2
m % q -1
A(nsp) = C qu [1 - = 2] (a+q)? q2[1 + exp[ ] ] %
(Q+q) KBT
Q+q -1
X [1 + exp[- ] ] (4.8)
K. T
B
and:
2
m % q -1
A(p-n) = C qu [1 - = 2] (0+q)2q2[1 + exp[— ] ] x
(Q+q) KBTU
Q+q -1
X [1 + exp[ ] ] (4.9)
K. T
B
where
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Q =mn_ - mp = 1.293 MeV (4.10)

m, means the mass of the i constituent and C is a normalizing
constant, which should be taken in such a way that the half-life for

neutron beta decay (eq. (4.4)) coincides with its measured value, T

The main qualitative features of the evolution of Xn may be
outlined without numerically integrating eq. (4.7); they are as

follows:

i) Let us assume that the universe age at temperature T is t(T). Then,
as long as A(T) t(T) >> 1, the weak current processes (4.2), (4.3) and

(4.4) maintain the neutron abundance at its equilibrium value

A(p-n)
X =« (4.11)
n A(p-n) + A(nap)

This is correct in standard big—-bang models with Nv=3 up to a

temperature T* x 1 MeV (freezing-out temperature).

. . +
ii) All the light neutrinos are kept in equilibrium with e-— by means

of the neutral current weak processes:

V. t VU, — e + e
i i
where i = e,u,7... Electron neutrinos also have charged current
interactions (4.2) -~ (4.4) so that they decouple slightly later than

the other neutrino species. As long as the e neutrinos are in
equilibrium with the thermal component, that is, if T = Tv in eq.

(4.8) and (4.9), the rates verify:
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A(p-n)

—_— = exp [—Q/KBT] (4.12)
A(n-p)
and then:
-1
X = [1 . exp(Q/KBT)] (4.13)

which implies that Xn(T) -+ 1/2 for KBT >> Q. This gives the initial
condition for (4.7), which follows from the microphysical theory of
weak interactions and does not depend on the particular cosmological

model describing the evolution of the early universe.

The neutron-to-proton abundance ratio follows from eq. (4.13):

for T > T*

>

LU S exp[*Q/KBT] (4.14)
X
p °’T

When the temperature drops to T < T*, the charged processes
(4.2) - (4.4) become too slow and they are no longer able to maintain
the equilibrium. Neutrons are heavier than protons, and can still be
converted into then, but this process has a low rate. The
neutron—-to-proton ratio freezes out at T*: from T ¢ T* up to the onset
of the nuclear reactions, few neutrons are converted into protons and

then:

<
L

_n ] ~ B ] = exp[—Q/KBT*] (4.15)
X T Xp T*

Let us now <consider the nuclear reactions leading to complex
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nuclei formation.

Baryon number density is too 1low to allow for many-body
collisions, so that nuclei have to be synthesized by sequences of

two-body processes. The first step is to build up deuterium (D):

P+n-— D+« (4.16)

and only if D is abundant enough, the following steps can proceed.
Because the deuteron is very weakly bound and is very easily
photodissociated by photons (which we recall, are much more abundant
than nuclei), this will happen only when the universe is cool enough

that the process:

D+ 9 —p+n (4.17)

does not overcome the D formation. The number of thermal photons per

nucleon able of photodesintegrating the deuteron varies as:

=}

v -1
— an exp[—ED/KBT] (4.18)
N |D
where ED = 2.225 MeV is the threshold energy for the reaction (4.17).
he see that for T < T; ~ 0.1 MeV, D concentration increases, and

finally a temperature is reached (whose value depends on p) such that

D is abundant enough and the nucleosynthesis process starts.

Tritium (T) is synthesized via the D(n,v)T and D(D,p)T
reactions, and helium-3 (®He) by D(p,v)’He and D(D,n)*He. These nuclei
are burned to helium-4 (“*He) through T(p,v) *He, T(D,n) *“He,

*He(n,v) *“He, *He(D,p)*He, ’He(’He,2p)“*He, while the process *He(n,p)T
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changes *He into T and conversely. These are the main processes
leading to “He synthesis. Every present nuclear species interact with
the remaining nuclei, leading to a rather complicated network of

(4

nuclear reactions

To have a quantitative picture of the synthesis process in the
big-bang, one must carry out a numerical integration of the equations

of nuclear reaction kinetics resulting from this network:

dy,
i
—_ =+ A. Y, o Y. Y 4.19
dt - 2 i g * 2 Pik T Tk ( )
where Yi = ni/nN is the fraction by number of the i nuclide, the sums

include all the processes 1leading to i formation (sign +) or
destruction (sign -), and AJ and pjk are their respective rates. This
integration was first carried out by Peebles (1966)(1), Wagoner,
Fowler and Hoyle (1967)(2) and Wagoner (1969)(4), who first considered
a nuclear reaction network including all elements with mass number
A ¢ 32. The method to determine the rates is the standard one in
Nuclear Astrophysics; a detailed discussion of this subject can be
found in two papers by Fowler, Caughlan and Zimmerman (1967)(5) and
updated versions in the papers by Fowler, Caughlan and Zimmerman

(1975)(®) and by Harris et al. (1983)¢7).

As the universe cools, fewer and fewer nuclei are able to
surmount the Coulomb barriers, and the nuclear rates decrease as a
consequence of this. For T < 4 x 108K, the thermonuclear reactions

become ineffective, and the PN process is completed. No more nuclear

activity occurs until the first generation of stars form.
The outcome of all these nuclear reactions is the incorporation
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of almost all available neutrons into “He, which has the highest
binding energy by nucleon of all light nuclei. The reason is that the
Coulomb barrier in the reactions “He(’He,v)?’Be and “He(T,v)?Li, and
the absence of stable nuclei with A=6 and A=8, prevent “He
destruction. Each “He nucleus is formed by two neutrons and two
protons so that its mass fraction at the end of the PN, Yp, can be

estimated to be:
v
Yp ~ 2 xn(TD) ~ 2 Xn(T*) =~ 0.25 (4.20)
.and in the first approximation does not depend on the nucleon density.
The other light element production in the early universe is much

lower, and can only be known through numerical integration of egs.

(4.19).

4.2 PREDICTED ABUNDANCES AND THEIR UNCERTAINTIES

In the standard big-bang models the light element final yields

depend on the neutron half-1life, T the number of light neutrino
families, Nv’ and the present baryon density, which is wusually
expressed in terms of the baryon-to-photon ratio pn. The main

qualitative traits of the PN computations outcome in these kind of
models have not been altered since Wagoner’s 1973 work(a). They are

the following:

i) Only D, ’He, “He and ?Li, (Lithium-7) are significantly produced in

the big-bang.
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ii) The “He abundance does not appreciably depend on the baryon
density. On the contrary, D, *He and ?Li final yields are remarkably

sensitive to the parameter g.

iii) The “*He production is an increasing function of T and Nu' while

other nuclei production is almost insensitive to these parameters.

Figure 4.1 shows the theoretical light element abundances as

functions of the n parameter. For “He we show the results for Nu = 2,3

and 4 with T, = 10.6 min; the error bars correspond to the typical

variations in Yp when the neutron half-life is taken to be T, = 10.4

min and T, = 10.8 min instead of L 10.6 min. These PN yields have
(9) (10)

been taken from Schramm and Yang et al. . The most eminent
features of this figure are the steep decrease in the D and D plus *He
abundances as f grows, the valley shape of the ’Li/H versus p curvel,
with steep slopes on both sides of the minimum, and the rather slow

increase of Yp with the baryon number (notice the difference of scales

used in figure 4.1 for “He and the other elements).

The behavior of the D and *He abundances can be understood on
the basis of the D and *He burning to “He with rates a g, which
results in a lower survival of these elements as # increases. The
observed ?Li is the sum of the ’Li and the ’Be synthesized in the

big-bang. For low baryon densities (qlo = q/lO10

£ 3), ’Li is mainly
produced through the “He(T,7)’Li reaction and destroyed via

’Li(p,a)“*He. As n grows, this last process becomes more and more

1In what follows, we will use the notation EI/EZ to mean N(El)/N(Ez)

where N(E) is the atom number density of the element E.
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Figure 4.1 Light element yields as functions of the
n parameter. For “He, the mass fraction Yp is shown,

while for D, He and ’Li, the abundances by number
relative to H are given (see text).
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important, and finally it overcomes the production reaction and closes
this pathway. But then another possibility arises: For 750 2 3, 7Li is
formed by “He(”He,v)’Be, whose rate increases with n. The competition
among these three reactions determines the minimum in the 7’Li

abundance curve.

“He production is an increasing function of the freezing-out
temperature T* (see eq. (4.15) and (4.20)), which is roughly

determined by the condition:
A(T*) t(T*) =1 (4.21)

The higher Nu (or, in general, the higher the effective number of
relativistic degrees of freedom, geff) is considered and the faster
the universe expands. Eq. (1.90) gives the universe age at temperature

T as:

% 2
t(T,8opp) @ ope T (4.22)

On the other hand, the weak interaction rate can be written as:

A(T) = no_, Vv (4.23)

wk

where n a T3 and Ok & T2 . Since the C constant in eqs. (4.8) and

(4.9) is C a rn~1 , A(T) varies as:

-1 .5
A(T, rn) ar. T (4.24)
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Eqs. (4.21), (4.22) and (4.24) now give:

1/3
1/2
T, a[geff rn] (4.25)

and hence the Yp behavior with respect to Nv and Th

Even if only slightly, Yp increases with 5. This is due to the
neutron transformation into protons between T* and the beginning of
the thermonuclear reactions at TN' This temperature range is smaller
for higher n (see eq. (4.18)), and therefore fewer neutrons are

converted into protonsa, which results in a higher “He production.

All these behavior patterns can be summarized in the analytical

. (11),
expression H

Yp = 0.230+0.011 1n q10+0.013(NV~3)+0.014(rn(min)—10.6) (4.26)

which correctly fits the “He mass fraction produced in the big-bang

for 1.5 < 779 € 10.

A key point when assessing the PN as a method of testing the
early universe is knowing the uncertainties in the predicted
abundances due to uncertainties in the nuclear rates entering the

(10,12,13) ' the calculated

equations of nuclear reaction kinetics
yields are known to within an accuracy of less than a few percent in
the case of D and *He, and less than 1% in the case of Yp. This is
much less than the uncertainties in the observations (see Section
4.3). The situation is different with regard to 7Li production. The

main uncertainties lie in the ?Li(p,a)“*He reaction (a factor of about

2(10)) at low n, and in the “He(®He,7)’Be process (a factor 2(14'15))
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at high g, which imply that the ?Li yields are uncertain by a factor
of about 2. This fact is not critical, however, because the minimum in

the ?’Li/H curve does not change remarkably.

4.3 OBSERVED ABUNDANCES

The determination of light element primordial abundances to be
compared with the predicted PN production is a difficult open
question. It deserves a lot of attention because of the information
carried by these abundances on the physics and microphysics of the
early universe. In evaluating primordial abundances, there exist two
sources of difficulties: the measurement itself, and the extrapolation
of what is observed at present up to the PN time. This is particularly
true for D and *He, whose concentrations at PN time as inferred from
astronomical data depend crucially on the details of stellar and

galactic evolution(ls’ls).

Recent extensive and critical reviews on light element abundance

(10)

observations can be found 1in Yang et al. (1984) , Audouze

(1984)(17) and Boesgaard and Steigman (1985)(11).

4.3.1 DEUTERIUM

Deuterium is burned to *He in the stars and is not additionally
produced in stellar evolution. As a consequence, the whole D observed

at present has necessarily a cosmological origin and provides a lower
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bound on its primordial abundance. Moreover, as shown in figure 4.1, D
production is a steep decreasing function of 5, so that an upper 1limit
on n can be inferred from its measurement. The cosmological relevance
of deuterium abundance determinations results from these two

circumstances.

Two main astrophysical sites are suitable for D observations:
the Solar System and the interstellar space. The null result of
deuterium search in stellar atmospheres leads only to the upper 1limit

D/H < 1 x 10"6 in Canopus(la).

i) Solar System (abundances in the protosolar nebula, that is,

about 4.5 x 109 years ago).

During the pre-main sequence phase of the Sun, D was converted
into ®He, so that the present *He in the solar wind is the sum of
presolar D and *He (plus, possibly, *He produced in the Sun). The
solar wind has deposited °®He in the gas-rich meteorites, the lunar
soil and the foil left on the Moon by the Apollo mission, and its
abundance can be determined. As an average of different

(19,20)

measurements , Boesgaard and Steigman (1985)(11) give:

4

3 4 = -

< (D+*He)/“*He >prem = (4.0+0.2) x 10 (4.27)

In carbonaceous chondrites, D is unprocessed. They have been
used by several authors(20’21) to estimate (’He/‘He)preo . A weighted
average of all the data leads to the value(ll):

-4
» a -
< *He/“*He >pre@ (1.54+0.27) x 10 (4.28)
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If *He in the solar wind is not contaminated by solar

we can infer the presolar abundance of D relative to

subtracting (4.28) from (4.27). As an average of all the data,

led to(ll):

-4
L} -
< D/*He > .. = (2.520.5) x 10

Taking for the solar “He abundance the value(ll):

("He/}l)Q = 0.09+0.01

we obtain:

_ -5
(D/H) e = (2-2£0.7) x 10

and

[(n+'ne)/n]pree = (3.6+0.6) x 107°

The molecular ratios HD/H2 and CH3D/CH4 in giant

atmospheres have been used to deduce D/H. It has been argued(ZB)

*He

(22)

“He by

we are

(4.29)

(4.30)

(4.31)

(4.32)

planets

that

the abundances determined by this method should be close to the

presolar ones. Unfortunately, they depend on the details

planetary atmosphere models. We quote the following results:

-5 (24)

{

, + 1.0
(D/B) oo = [3.6 * 1_4] x 10

(1.2 - 3.1) x 1072 (25)

Jupiter ¢ (D/H)pree

5 (26)

+ 0.9 -
Lo/ e [3.2 * 1.25] x 10
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_ + 2.4 -5 (27)
saturn  (D/H)__ o - [2.4 * 2.2 x 10 (4.36)
These (D/H) abundances are in good agreement with the

pree

indirect determinations in meteorites.

ii) Interstellar gas (abundances found now).

Interstellar D has been detected in the wings of the Lyman lines
of HI by means of the Copernicus satellite. 8Several 1lines-of-sight
toward nearby cool stars and toward more distant hot stars have been

used.

In both cases, D/H determinations in the direction of different
stars show a big scatter: differences of as much as a factor of more

than ten have been obtained in the lines-of-sight to cool stars(za).

Two main difficulties appear in the evaluation of interstellar

the direction of € Perseus and then confirmed in other stars

deuterium toward hot stars: variability in the scale of hours and

multiple clouds in the line-of-sight. The former, first detected 1in
(29) (30)

’

has been interpreted as being the effect of a high velocity HI
transient component ejected by the star. It blends the D lines
inducing an apparent increase in the D/H values. Therefore, the true
value would be rather low. Vidal-Madjar et al. (1983)(29) give:

6

D/H = (5+3) x 10 (4.37)

The presence of several clouds in the line-of-sight, on the

contrary, leads to an underestimation of D/H. These difficulties
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suggest that only the cleanest line-of-sight data should be used, in
this case the scatter is less important and the resulting D/H toward

hot stars has a most probable value of(ll):

5 5

0.8 x 10° ¢ D/H ¢ 2 x 10 (4.38)

The quality of the data and the reliability of the analysis

techniques is lower for the cool stars.

4.3.2 HELIUM 3

*He is produced by incomplete hydrogen burning in low mass

(M < ZMQ) stars(31). It is also destroyed in the interiors of more
massive stars, although some will survive in their outer
1ayers(32’33). Its chemical evolution is quite complicated and it is

not clear whether its primordial abundance should be higher than,
lower than or of the same order as the abundances observed in the

Solar System and in the interstellar medium.

i) Solar Systenm.

As previously discussed, the presolar ratio ®*He/“*He can be
directly measured in carbonaceous chondrites. *He abundance relative
to hydrogen is deduced from (4.28) and (4.30):

5

(*He/H) = (1.420.4) x 10~ (4.39)

pre0

ii) Interstellar space.
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It is possible to detect the interstellar singly ionized *He

observing the 8.7 GHz hyperfine line in HII regions. The line is very

weak, however, and the line-to-continuum ratio very small. This makes

the detection technically difficult. It was only successfully

achieved, after many attempts, in 1984 by Rood et al.(34). They report

positive detections in three galactic HIX regions:

5

(*He/H =~ 4 x 10 ), W51 (®He/H = 1 x 10‘4) and W3 (®He/H =~ 5 x 10

New observations of these sources and detections in

(35) 5

regions give abundances ranges from 1.2 x 10

These values, when compared with the presolar value, suggest

to 14.7 x 10

there is a slight tendence to galactic enrichment since the Solar

System formation

4.3.3 HELIUM 4

The “He abundance can be determined with much higher precision

than the other light element abundances, because of its higher cosmic

concentration. This is the reason why “He 1is a key constraint

physics theories, by comparing in detail PN predictions and data.

(Note, however, that, in order to decipher physical conditions at

time, “He abundance must be known within an error of less than

+ 5X(11)).

Many observations have been made in different astrophysical

sites (Sun and Solar System, young and old star atmospheres, globular

clusters, planetary nebulae, HII regions in our own and other

galaxies, and isolated intergalactic HII regions). For an excellent

discussion on “He abundance, see references (36) and (37).

Galaxies increase their “He content throughout their evolution,

because of stellar processing. As a consequence, to derive
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primordial ‘“He concentration, Yp, either wunevolved objects,

enrichment model or an extrapolation device are needed.

This last method has been employed to determine Yp from

recombination emission lines of Hel and HelIl in HII regions,

different metal content (that is, in different stages of chemical

evolution). A correlation between Y and the metallicity Z would be

expected on the basis of current evolution models, so that

extrapolation toward 2Z=0 would give the pregalactic “He content.

Nevertheless, at present the observational situation 1is uncertain.

(38)

While some authors find this correlation , no evidence for an

unambiguous correlation is found by other observers(39).

last, Kunth and Sargent’s (1983) results are most often adopted.
have studied 12 metal—-poor low-luminosity galaxies and give, for

weighted mean of the “He abundance in those 12 galaxies:

Among these

Y < 0.245 + 0.003 (4.40)

p

They have taken Z to be proportional to the 0/H content and conclude

that the possible correlation between Y and Z is 1lost in the error

bars for low Z.

Pagel et al. (1986)(40) have recently analysed a sample of blue

compact galaxies selected in such a way that the correction

(unobservable) neutral “He be negligible. They claim for a lower Y

value:

Y = (0.238 + 0.005) + (2.9 + 1.5)2 (4.41)

(1 o error). Now:
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Z = 103 N/H

Steigman et al.(41) have studied the correlation between helium

and carbon. They derive a central value of
Yp = 0.235 (4.42)

in agreement with Pagel et al. Given the scatter in the Y values for
HII regions, the uncertainty in Yp, AYP, should be larger than those

given in equations (4.40) and (4.41) above.

Davidson and Kinman (1985)(42) have done an analysis of Y in the
object 'I 2ZW 18, which is the most metal poor of the blue compact
galaxies. They have paid particular attention to all the sources of

error, and conclude that

Y, = 0.23 + 0.01 (4.43)

Gautier et al.(43) have derived the “He content on the surface

of Jupiter from Voyager data. They found:
0.17 < Y ¢ 0.24 (4.44)

These limits are reliable as long as a differentiation of helium from

hydrogen has not occurred in the Jovian atmosphere(44).

The spectral lines of Hel and Hell are only detected in the
atmospheres of hot 0 and B stars, which are of the youngest type, so

that their “He content represents the results of stellar processing by
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previous generations of stars. Comparison of theoretical line profiles

with observed ones gives(45)

Y =0.28 + 0.04 (4.45)
Globular clusters are old objects. Their *He content can
therefore be expected to be only primordial. There exist, however,
many uncertainties in the methods of deducing Y from their

observation. Buzzoni et al. (1983)(%®) have obtained:

Y = 0.23 + 0.02 (4.46)

Determinations of YP from planetary nebulae are very model

dependent. Peimbert (1983)(47) has found

Yp =~ 0.22 (4.47)

We conclude that primordial “*He is more reliably known from
observations of HII regions, which produce the smallest errors among
all the available methods. The best current data imply:

0.23 ¢ Yp < 0.25 (4.48)
but values in the range

0.22 ¢ Y < 0.26 (4.49)

cannot be rejected at present.
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4.3.4 LITHIUM 7

Li is destroyed in the inner layers of the stars which are hot

enough for (p,a) reactions to occur. Lithium in the stellar

atmospheres is diluted if these interior regions are mixed with the

surface of the star, through convective and diffusive processes.

Spite and Spite (1982)(48) and spite et al. (1984)¢%9)

measured ’Li/H at the surface of a sample of 25 very old halo stars.

On the basis of statistical arguments (independence of 7?Li abundance

on stellar mass, in contrast with the expected behavior if mixing had

(507,

taken place these authors maintain that 1lithium has not

diluted- in the atmosphere of these stars, and because they are

Population II stars, their determination corresponds to the primordial

?Li content. They give:

10

’Li/H = (0.7 - 1.8) x 10 (4.50)

Spallation reactions on C, N and O nuclei in the interstellar

gas caused by galactic cosmic rays could produce Li, Be and B

isotopes(sl). The amount of ’Li/H formed would be about
2 x 10.10 (~ 30% of which is ®Li). Neither ®Li nor Be has been found
in halo stars up to now(sz), what suggests that no Li so produced

present in Population II stars.

Observations of Hyades, Pleiades and field stars evidence that

Population I stars exhibit a constant wupper 1limit of the 7Li/H

abundance(53):

9

Li/H < 10 (4.51)
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which was thought to be the primordial concentration until Spite and

Spite’s measurements.

It is difficult to decide which one of the values (4.50)
(4.51) represents the primordial value. In the first case,

homogeneous enrichment along galactic evolution by a factor of

would be needed. Production in red giants and novae have been invoked

as a possible source of stellar ?’Li. In the second hypothesis,
uniform depletion of lithium in halo stars has to be explained.

Because of these uncertainties, it is usual to take(ll):

10 10

0.7 x 10~

< (’Li/H)p < 8 x 10 (4.52)

the upper limit resulting from the maximum value found in Population I

stars once the product of spallation reactions has been subtracted.

4.4 PRIMORDIAL ABUNDANCES AND CONSISTENCY THEORY/ASTRONOMICAL

DATA

From the preceding Section we conclude that “He and 7Li can be

observed in astronomical sites (respectively low metallicity

extragalactic HII regions, and Population II stars or Population I

stars, when their maximum 7Li content 1is considered to be

primordial ?Li abundance) where chemical evolution has played a minor

or even negligible role in regard to the abundance of these elements.
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Consequently, the “He and ’Li primordial concentrations can be deduced

from their measurements in these unevolved objects.

D and ®He abundances, on the contrary, can only be determined
from regions largely affected by galactic evolution: the Solar System
and the interstellar medium. Two approaches are then possible
concerning their primordial abundances: either to estimate 1limits on
them or to infer their value through detailed models of chemical

galactic evolution.

The first kind of method has been adopted by the Chicago

group(lo’ll),

who only consider lower 1limits on (D/H)p directly
provided by observations, (because no post big-bang D production is

possible), and evaluate upper bounds on [(D+‘He)/H]p.

The Solar System data on D suggest that (eqs. (4.31) and (4.33)

- (4.36)):

5

(n/n)p > (1-2) x 10 (4.53)
which in turn implies (see figure 4.1):
< 10 - 7 (4.54)

T10

It is also possible to place an upper limit on the primordial
abundance of D plus P®He, once the fraction of ?He which survives
stellar processing, g, is known. 1In fact, assume that f is the
fraction, at time t, of the interstellar gas which has not suffered

astration. Then
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H

(D/H), = £(D/H) (4.55)

and

(*He) ,

v

f (‘He)P + g(1-f) (D+’He)p (4.56)

The second term on the r.h.s. of eq. (4.56) takes into account the
fraction of primordial *He (plus primordial D burned to *He in stars),
which survives stellar destruction. *He production in low mass stars
is difficult to quantify: it has been neglected and hence the

inequality in eq. (4.56). Eqs. (4.55) and (4.56) lead to:

D+*He D+*He 1 *He
= ) = 1

An accurate calculation of g requires knowing the initial mass

function (IMF) for the earliest generation of stars. For a

(54

Salpeter ) IMF, Yang et al.(lo) estimate that:

g > 1/2 (4.58)

and g > 1/4 if the estimate is made on a star-by-star basis (safe bet
value). This result has been confirmed by more detailed

calculations(aa).

He destruction might have been more important in the first
generation of stars if the weight of massive stars had been more
important than that given by Salpeter’s IMF (as would be the case if

the IMF depended on the metallicity, for example).

Taking for D and *He their presolar abundances (4.32) and
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(4.39), eq. (4.57) gives

D+’He -5
" < 6.0 x 10 if g > 1/2
p

and

D+®He
H

] < 9.6 x107° if g 1/4
p

These upper bounds imply a lower limit on n (see figure 4.1):

v
>

Mo if g 2 1/2

or:

v
w

Mo if g > 1/4

As for ?Li observations, the wupper limit in eq.

figure 4.1 give:

0.8 < gy, ¢ 10

these values are consistent with those deduced from D

(4.59)

(4.60)

(4.61)

(4.62)

(4.52) and

(4.63)

and ®He

observations. The consistency persists when the uncertainty factor in

’Li production is taken into account.

We are thus led to a safe bet interval of 710 values

’He and ’Li are produced in agreement with observations:

3 <

$ 7y 10
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For the standard scenario with three light neutrino families and

LA 10.6 min, the primordial “He production in this interval is:
0.243 ¢ Yp ¢ 0.255 (4.65)

which is coherent with primordial “He abundance determinations fronm
astronomical data (eq. (4.48)) once the uncertainties are considered.
However, if future work confirms the present tendency to lower Y

values, then this consistency picture could be in trouble. For
example, taking Pagel et al.’s Yp value (and error bars, eq. (4.41)),

only if the wuncertainties in primordial D plus *He and *He are

stretched to their 1limits does the agreement persist. In this
case(55):
3 < nyg ¢ 3.6 (4.66)

unless ?He destruction in massive stars has been more important than
what is commonly thought(10’33), and g < 1/4, or there exist only two

families of light neutrinos.

The alternative approach concerning the inference of primordial

abundances is provided by modelling the chemical evolution of the

Galaxy. These models, for light elements of cosmological relevance,
have been developed by J. Audouze and co-workers in France. Standard
(56)

models of galactic evolution give a rather 1low factor for D

destruction due to stellar processing:

P _~2-3 (4.67)

now
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In this framework, if Yp < 0.24 and Nu = 3, there would be an
inconsistency between “He and the interstellar D measurements (eq.
(4.38)), mainly if we consider the determination of Vidal-Madjar et

al. (eq.(4.37)) as the actual value (see figure 4.1).

In order to surmount this difficulty, non standard models of
galactic evolution have been proposed by the French group(13’16’57):
the D destruction ratio may be considerably increased when the effect
of infall or inflow of processed material on the evolution of chemical
concentrations is considered. Two possibilities exist i) an infall of
D free material, either extragalactic or coming from other regions of
the Galaxy, and ii) the mass—loss of D free material by stars during
their pre-main sequence phase. With this kind of models it is possible
to reconcile an interstellar D value as low as D/H ~ 5 x 10—_6 with a

solar system abundance of D/H ~ 3 x 10_5 and a primordial

concentration of D/H ~ 10_4. The *He enrichment of the interstellar
medium depends on its production rate in low mass stars, and solutions

may be found which are compatible with observations. These authors

propose as primordial abundances:

[ D
3x107° ¢ |[=—| ¢<2x107* (4.68)
P
6 , [ He -5
9 x 10 < m < 3 x 10 (4.69)
L JP
which result in the following permissible range of 750 values:
1.2 ¢ M0 < 4.5 (4.70)

This is consistent with “Li and “He primordial values. Non-standard
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specific models of galactic evolution are then required in order for
the standard big-bang 1light element yields to be compatible with

observations, if Yp ¢ 0.24 and Nu = 3.
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CHAPTER 5

THE LARGE SCALE STRUCTURE FORMATION

The problem of the origins of the large scale structure of the
universe as observed today is an unsolved one. The standard framework
to understand it rests on the hypothesis that it has been formed from
quantum fluctuations originated at very high temperatures. These
fluctuations evolved in a linear regime until they reached a nonlinear
regime at relatively small scales, and then they collapsed giving rise

to the bound objects, or to the looser structures we observe nowadays.

The initial spectrum of the perturbations was an initial
condition put by hand in the models until the advent of the
inflationary paradigm. In this framework, the initial spectrum results
in a natural way from first principles (see Chapter 9). A wide class

of inflationary models gives rise to a scale invariant spectrum(l).
On the other hand, scenarios leading to a baryon asymmetry(z)
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produce only adiabatic perturbations in a natural way. These modes are
characterized by a constant entropy through the perturbation. The
difficulty in yielding isothermal perturbations (characterized by a
homogeneous temperature) has caused authors not to pay much attention

to them during the past years.

In this Chapter we consider the essential aspects of the linear
perturbation theory and of the cosmological N-body simulations, which

describe the nonlinear development of clustering. Their out-puts are

to be compared with large scale structure observations. As will be
noticed, no simple inflationary scenario fulfils every observational
requirements.

5.1 CHARACTERISTIC MASSES

The fate of a perturbation in the physical magnitudes which
describe the universe in the big-bang model, depends on its scale, for
a given composition of the cosmic soup. According to its scale (or
mass), a given fluctuation may grow, 1leading to an instability,

oscillate or decay.

The critical mass for the instability appearence is termed Jeans
mass, MJ. In an expanding universe, its value changes with time (or
temperature); the form of the function MJ(T) depends on the scenario
considered, that is, on the type of particles contributing to the

energy—-momentum tensor of the cosmic fluid.
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In order to gain insight into the physical processes leading to
characteristic masses, we will consider in this Section the Jeans mass
for the main scenarios found in the literature, as obtained from crude
arguments. A more elegant and precise treatment of this question, is
achieved in the framework of the linear analysis of the perturbations

to FRW models (see Section 5.3).

5.1.1 JEANS MASS FOR A PHOTON, BARYON, ELECTRON AND MASSLESS

NEUTRINO GAS

This is the composition of the standard cosmic gas for T b 1

MeV.

Let us consider a perturbation on scales A in a medium of
density p. It will evolve into an instability if the gravitational
energy inside a volume of size As (for exaﬁple, a sphere of radius A)
is much greater than its kinetic energy content, that is, if(3’4)

3,2
G(pA)” o o 2,3 (5.1)
A s

where Vg is the speed of sound in the medium, and, in our case,
p = pb+pe+p1. (The fluctuations in the massless neutrino component
decay very fast(s) and, consequently, this component does not enter
the computation of p). Eq. (5.1) shows that the perturbation grows if

its wavelenght is longer than

1/2

—_— (5.2)
Gp

A D> AL =
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where AJ is termed the Jeans length. As the universe expands, A grows
as R(t). It is more convenient to characterize the unstable

disturbance by some invariant quantity relative to the wuniverse

evolution, such as the fluid mass inside a volume of size Ag. The
baryon Jeans mass is the mass in baryons inside a sphere of radius AJ
2
an LA (T),3/2
MJB(T) = nB(T)mB [———————] (5.3)
3 G p(T)

where ng and mB are the baryon number density and the proton mass,
respectively. From the above analysis, we conclude that a given
perturbation with mass M will grow at time t, when the temperature of
the cosmic fluid is T, if M > MJB(T)’ and will oscillate like a sound
wave if M ( MJB(T)' Figure 5.1 displays the temperature behavior of
MJB' Notice the rapid decrease of MJB for T=TR, which is due to the

change in the state equation of the fluid as the radiation pressure

becomes ineffective at TR' Disturbances of galactic masses (= IOIIMG)

or greater in the baryon fluid, can only grow when T < T

R’
5.1.2 SILK MASS

Adiabatic fluctuations undergo before TR a kind of damping,
caused by radiative diffusion, which tends to erase temperature

gradients on scales smaller than a critical one. Its translation into

a critical mass is known as the Silk mass, MS(B). Let us briefly

describe how it is deduced.

A disturbance on scales A is transparent to radiation if

A < Aop=(xp)—1, where & is the fluid opacity due to Thomson scattering
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Figure 5.1 Qualitative behavior of the baryon Jeans
mass as a function of the temperature for a typical
cosmological model.
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by free electrons. Opaque fluctuations are damped by photon diffusion.
A quantitative treatment of the question implies the linearization of
the continuity, motion, energy conservation (taking into account the
heat flux due to radiative transfer) and field equations. In the

framework of the Newtonian approximation, the following equations are

obtained:
dzok 2R ds Ky T 4n° da1? 4n? 5, T
1 + ~-(4nGp- ~‘E)6k= i S (56.4)
dt R dt mp A 3 p A T
2
d Ao 4n akT 1 dok
(— + 22 —) = - — (5.5)
dt 3 A 3 dt
8y T sp ,6T
with °k(_T_)’ the Fourier component of & = —% (_T) relative to

wavenumber k and

- 2nk
A = o (5.6)
the comoving wavelength. In the optically thin case the Jeans

condition is recovered. In the optically thick 1limit an asymptotic

treatment of eqs. (5.4) and (5.5) shows that the dominant mode of 5,

is damped with a time scale of:

2
5 A
ta = — (5.7)
cA 4w
op
and the non-damping condition before recombination:
t
?E ¢ 1 (5.8)
a
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imposes a lower bound to the scales which survive this process of

radiative diffusion. This lower bound is the Silk mass:

1

M.~ 10 1,-3 (5.9)

2 2,-2 2,-
s Me(noh ) “f1+0.04 (noh )

Fluctuations in the baryonic component on scales M < MS are

erased before recombination.

A more precise numerical treatment of this problem can be found

in references (7,8,9). Damping during recombination leads to(lo)

16
Mo = 107 "M, (5.10)
It has been shown(ll) that for isothermal perturbations a
critical mass exists:
5 2.-1/2
Mc = 5 x 10 (noh ) M@ (5.11)

such that if M < Mc, the disturbance is damped by photon diffusion.
This means that in the isothermal picture, the first scales to go
non-linear are smaller than a galactic size. Large scale structure

will form by hierarchical clustering of these smaller substructures

(bottom—top scenario).

5.1.3 JEANS MASS FOR MASSIVE COLLISIONLESS PARTICLES

Fluctuations in a gas of relativistic collisionless particles

are damped on scales casually connected, that is smaller than the
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horizon, because a (collisionless) relativistic particle X freely
streams at velocity ¢, erasing the inhomogeneities on subhorizon

scales.

However, if the X particle is massive, when T ( TNH’ where

K = nx/3.15, its thermal velocity is smaller than the light speed,

BINR
and the perturbation will be able to persist if its mass is larger

than a critical mass, which by extension is also termed the Jeans mass

for X, M We will now estimate MJ following the principles of ref.

JX’
(12) and (13).

X

Let us consider a disturbance on scales Ak= g%%iil and the
D

following characteristic times (RD is the cosmic scale factor at X

decoupling):

i) The average time the particle X takes to cross the

perturbation
v > (56.12)

where

1

<v "> = <Ex(p)/p> and Ex(p) = (pzm’z()l/z

ii) The average crossing time for the other components in the

cosmic soup (other # dominant component)

t > A -1

c,o k Yth (5.13)
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with Vih the thermal velocity of the dominant component.
iii) The dynamical time for the growth of perturbations, in the

X component due to its own gravity alone:

~1/2
8nG
tg oy —3—px(t)] (5.14)

iv) The dynamical time for the growth of perturbations in the X

component gravitationally induced by the other components:

-1/2

(t)] (5.15)

d,o

t o 8nG
3 pother

A sufficient condition for the appearence of gravitational
instability is that the fluctuations in the X component have no time

to be erased by free-streaming, that is:
t > t (5.16)

However, this condition is not necessary because fluctuations

may be induced by the other components. The necessary condition reads:

tc,x > min (td,x’ td,o) (5.17a)
provided that
t > t (5.17b)
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which ensures that the disturbances in the
erased. Conditioﬁ (6.17a)

other component
component on scales Ak.

are
is sufficient

not
to avoid damping in the X

This condition gives the following values for MJX(T)
5.2)

(see fig.

i)

At early times X is relativistic (R) and we have a radiation
dominated dynamics:

C l+z 3
- X NR
MJX(T) = —5 [ ] (5.18)

m l1+z
X

where Cx is a constant which depends on X and ZuR is the red-shift at

which the X particle becomes non relativistic.

17 2
cv ~ 4 x 107 (eV) M@.

If X is a neutrino,

ii) At later times X is non-relativistic (NR),

density is provided by baryons or X particles.

and the energy
Cc? 3/2 n,13/2
M..(T) = X | 1tz min||-X| 1 (5.19)
JX ;2 1+z ]
X NR B

iii) At intermediate epochs,
NR regime,

X particles shift from the R to the

and they become the dynamically dominant component of the
cosmic gas. The energy density in
parametrized by(ls)

the form of X particles can be
my . Tx 3

Py = — & |—|[ P, (5.20)
2 Tq
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18

16

14

—
N

log(M/ Mo)

O

log( 1+ z)

Figure 5.2 Jeans mass for hot (neutrino) and warm
E
(mx ~ 1 keV, geff(TDX) ~ 100) scenarios as a

function of the red-shift. The horizon mass for both
scenarios is also shown.
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3/4 gx if X is a fermion

where Ex =

gx if X is a boson
and
3 3
TX 4 (RT)before (5.21)
;— ann(HT)B *
5 after

the product including every pair annihilation from X decoupling at T

DX
up to T. If the X particle is a neutrino
Tv 3
— = 4/11 (5.22)
T
v
and 2,0 £ 1 implies Z m, £ 100 eV (hot dark matter).
i i
For TDX >> mp
r1° 3.9
— = v (6.23)
T, gerr(Tpx)
and 2 ¢ 1 means that
Xo ~
E
g (Toy)
m, ¢ 1 key SfL DX° 1.5 (5.24)
100 gx

This suggests a dark matter candidate, which would be a very

weakly interacting particle of mass m

X

~ 1 keV, so that TDx >> my and
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ggff (TDx) x 100. This is the warm dark matter scenario. Gravitinos

and photinos have been proposed to satisfy these requirements(13’14),

but now masses in excess of 1 GeV are preferred for supersymmetric

particles. In this case, their abundance should be suppressed by
inflation(ls), so as to fit the nx° > 1 condition. This constitutes
the cold dark matter scenario. (Axions with a mass of 10_5 eV behave

as non-relativistic particles, as far as the problem of structure
formation is considered, and constitute another candidate for the cold

(18)y

dark matter picture

X particles will dominate the universe dynamics at Teq when

PRTeq) = Px(Teq) (5.25)

q

which for hot and warm dark matter gives

=3

-1

w

|2
[te]
4

= 6.8 x 10 (5.26)

=3

E -
[geff(TDX)] 4/3[1.5
100 gx

NR

If ngf(Tnx) = 100, we are led to

=3

ed . 6.8 x 103 (5.27)

NR

~3

while for neutrinos we have:

=3

€3 . 0.23 (5.28)
TNrR

This fact distinguishes the hot and warm scenarios. In the first

case, the time interval where radiation dominates the dynamics with NR
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X particles is very short; in the second case it is 1longer. During
this interval, fluctuations in the X gas inside their horizon do not
grow because perturbations in the baryon—photon fluid oscillate with‘a
time tc ° << td,o' A scale appears, given by the mass inside the

]
horizon at Teq which for warm dark matter can be written as(ls):

eq _ 3 -2 E 2 ~ -2
MHX = 0.9 MPe my Eors (TDX) gx (56.29)

such that the disturbance growth is retarded below M

HX"

Condition (5.17a) results in a value for a maximum Jeans mass

MJX in this intermediate period given by
max
_ 3 -2 E -2 ~
Myx = 2-9 Mp, my” g ep(Tpy) ~ 8y (5.30)
max
Perturbations on scales M ( MJx are expected to be damped by
max

free-streaming of the X component.

We see that for warm dark matter two scales arise which are

quite different: M;g and MJx . Fluctuations on scales M < M;g do not
max

grow until Teq' As a result, the initial spectrum is expected to be

flattened for M < MS2 , to be kept for M > MS3 and to fall off for M <

HX HX
MJx . The same considerations apply in the cold dark matter
max
scenario, except that in this case MJx is too tiny to be
max
astrophysically relevant, so that there does not exist a short

wavelength cut-off as in the previous cases.

For neutrinos, on the contrary, the scales M;g and MJu are
max

not as different as in the case of warm dark matter (see figure 5.2).
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The most striking feature of this scenario is the high value

MJu » Wwhich roughly corresponds to superclusters (see references

max
(17), (18), (19) and (20)).

As the universe expands, the first scales to avoid damping

M M , and then the condition (5.17a) will be fulfilled by

JX
max

successively shorter and shorter scales.

In the hot scenario, scales M =« MJx have the longest time
max

grow, so that at recombination time T

component will be preferentially on scales M =« MJx
max

Disturbances in the X gas may induce, for T < TR’ fluctuations
in the baryonic component on scales
25
X max

which possibly are < Mc (see eq. (5.10)). In this case, MJx
max

R’ the disturbance in the hot

gives

the scale of the first bound objects formed in the universe. For hot X

particles, it is a supercluster scale: these are the first structures

to appear, galaxies result from their fragmentation (pancake

scenario

(21)y

In warm and cold scemnarios, on the contrary, the first scales to

go non—linear are the smallest ones and large scale structures

develop as a result of hierarchical clustering of smaller structures

(bottom-top picture, as for isothermal fluctuations).

117

Create PDF files without this message by purchasing novaPDF printer (http://www.novapdf.com)



http://www.novapdf.com
http://www.novapdf.com

5.2 OBSERVATIONS

Observational information on the large scale structure of the
universe essentially consists of: i) the possible CMB anisotropy at
small and large scales, 1ii) the clustering properties of the large
scale distribution of galaxies which traces the light distribution in

the universe, and iii) the large scale streaming motions.
Let us now consider them in turn,

i) Except for the possible detection of fluctuations on scales
of 8* and 6°, CMB anisotropies have not yet been detected at small
scales, only wupper 1limits are available (see Chapter 3). This fact
strongly constrains the viable scenarios for large scale structure
formation. The strongest restriction is provided by the Usé6én and
Wilkinson bound for arc min scales. But if reionization takes place at
galaxy formation, then any imprint of demsity perturbations is erased
on scales £ 5* and, in this case, the result on scales of 8°® is the

main constraint to large scale structure formation scenarios.

ii) Two methods are employed to find out the cosmic distribution

of light:

a) The morphological analysis, which consists in looking for the
shapes formed by the distribution of galaxies at scales of
10-100 h_1 Mpc, by measuring the positions and (since a few years ago)
red-shifts of selected galaxy samples. It became evident that light is

not uniformly distributed in space at these scales. Galaxies appear to
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10000 km/s

Figure 5.3 Map of the red-shifts observed by de
Lapparent et al. plotted versus right ascension in
the declination wedge 26°:5 ¢ 6 ¢ 32°:5. The objects

plotted have my < 15.5 and V ¢ 15,000 km s 1 (from

-

de Lapparent, Geller and Huchra (23); published by

the University of Chicago Press; copyright 1986 by
the AAS).

be clustered forming groups and clusters of different richnesses,

often joined by filaments of length of about 50-100 Mpc. The three

dimensional distribution, available to some extent after red-shift

surveys, seems to suggest the presence of large voids, like the

in Bobtes(zz) or the

void
regions devoid of bright galaxies found by de

Lapparent et al. (1986)(23) in the Coma region, which have a

as large as 30-50 h_1 Mpc (see figure 5.3).

diameter

One must be aware,

however, that some biases could be present in the samples(24).

b) The statistical language is used to quantify the subjective
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impression of clustering at different scales given by the galaxy

distribution.

The most fruitful statistical method wup to now has been the
correlation function approach mainly developed by P.J.E. Peebles and

(11,25) at Princeton. 1Its basic element is the two-point

co-workers
correlation function of cosmic objects (galaxies, clusters..), ¢(r),
defined by the expression

dp(r) = n® [1+¢(r)] dv, dv, (5.32)
where dp(r) is the joint probability of finding two objects in volumes
dv1 and dv2 separated by a distance r; n is the mean number density of
the considered objects. (In eq. (5.32) it is implicity assumed that

the fluctuation field is homogeneous and isotropic). If the objects

were uniformly or Poisson distributed, we would have ¢§(r)=0 and

dp(r) = n2 dv,dv

From the catalogues of the projected distribution, one can get
the two-point angular correlation function w(6), defined by analogy

with (5.32) by

2

dp(8) = N° [1 + w(e)] da, da (5.33)

1 2

where, now, dp(6) is the joint probability of finding two objects in

the solid angle elements do, and da around directions separated by

1 2°
an angle 6, and N is the projected number density of objects. w(e) and

¢(r) are related by Limber’s formula(ze):
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